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DIFFERENTIAL-GEOMETRIC
ASPECTS OF DYNAMICS

BT

EDWARD KASNER

INTRODUCTION

The relations between mathematics and physics have been

presented so frequently and so adequately in recent years, that

further discussion would seem unnecessary. Mathematics,

however, is too often taken to be analysis, and the role of geom-

etry is neglected. Geometry may be viewed either as a branch

of pure mathematics, or as the simplest of the physical sciences.

For our discussion we choose the latter point of view: geometry

is the science of actual physical or intuitive space. All physical

phenomena take place in space, and hence necessarily present

geometric aspects. We confine our discussion to mechanics,

and consider the r61e of geometry in mechanics.

The fundamental concepts of mechanics are: space, time, mass,

and force. Certain preliminary theories deal with some instead

of ail these concepts. Space by itself gives rise to pure geometry

with all its subdivisions. According to Sir William Rowan

Hamilton, algebra is the science of pure time; in fact time is

the simplest one-dimensional manifold suggesting the notion

of real number, the continuum, the foundation of analysis.

Neither mass by itself, nor force by itself, gives rise to an inde-

pendent theory, for these notions cannot be considered without

considering space also.

Space and time together give rise to kinematics. If we do

not consider velocities and accelerations, but only displacements

(that is, initial and terminal positions without introducing
9 1



2 THE PRINCETON COLLOQUIUM.

continuous motion from one to the other), we obtain Ampere's

"geometry of motion," which belongs to pure geometry rather

than to kinematics.

Space and mass give rise to a separate discipline which may
be called the geometry of masses. This deals with centers of

gravity, moments of inertia, and moments of higher type, which

have been studied extensively in recent years, especially by the

Italian mathematicians.

Space and force are the essential concepts employed in rigid

statics. Mass and time are not necessary in this theory, which

deals essentially with the equivalence and reduction of systems

of vectors. The remaining combinations, mass and time, force

and time, mass and force, do not produce separate theories,

since they can not be discussed without introducing also the

concept of space.

Consider then space, time, and mass. The principal develop-

ment along this line is Hertz's remarkable "geometry and

kinematics of material systems/' a theory entirely independent

of the concept of force.

The other combinations of three of the four concepts have

not produced separate developments.

Finally, we have the theory which involves ail four concepts

simultaneously, namely, kinetics.

Although the geometric aspects of the preliminary theories

are very interesting and important, it is not our intention to

review the progress which has been made in this line. We
mention only Ball's theory of screws, Study's Geometric der

Dynamen, and the law of duality connecting kinematics and

statics a law which is not dynamical, but purely geometric.

The notion of vector is of course fundamental in many of

these theories. We recall the fact that there are three distinct

types of vector used in mechanics: the free vector, the sliding

vector, the bound vector. These three types differ with respect

to the definition of equivalence. In the first theory, two vectors

are regarded as equivalent when they have the same length
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and direction (including sense). Such free vectors are employed
in combining translations, or forces acting at a point. A free

vector in space has three coordinates. The sum of any number

of vectors is a vector.

In the second theory, dealing with sliding vectors, two vectors

are equivalent only when they have the same line as well as the

same length and sense. Such vectors are used in the statics of

rigid bodies. The sliding vector in space has five coordinates.

A system of these vectors can not usually be reduced to a single

vector. The most general system depends in fact on six essential

parameters: it is a new geometric element which may be repre-

sented either as a screw or a dyname.

Finally, in the third type of vector theory, two vectors are

not equivalent unless they have the same initial point and same

terminal point, that is the vector is completely bound. Such a

vector hi space depends on six coordinates. The most general

system depends on twelve essential parameters. This is the

theory required in the developments of astatics.

Statics and kinematics have given rise to very extensive

geometric developments; but kinetics still is thought of almost

exclusively as a matter of differential equations. Lagrange, in

the famous preface to his MScanique Analytique, stated that

no diagrams would be found in his work:
"
Lovers of analysis

will thank me for adding a new branch to that science." The

special object of these lectures will be to point out some of the

geometric aspects of kinetics, especially properties of the tra-

jectories described in arbitrary fields of force. While the in-

vestigations connected with statics and kinematics are mainly of

algebraic-geometric character, our kinetic discussions relate to

infinitesimal properties, tangents, distribution of curvature,

osculating eonics, and so on: we shall deal chiefly with the

differential geometrff of systems of trajectories. It is essential

to observe that the properties considered relate not to the

individual curves, but to the infinite systems of curves.

To emphasize this point, consider the motion of a particle
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in a plane field of force, the force depending only on the

position of the point. For given initial conditions, the particle

will move on a definite curve; taking all possible initial con-

ditions, we shall obtain a triply infinite system of curves. A
single curve obviously has no peculiarities, for a particle may
be made to describe any given curve by selecting a proper force,

varying from point to point of that curve. The system of curves,

however, will have intrinsic peculiarities, for if a triply infinite

system of curves is given at random, it will not usually be possible

to find any field of force such that every particle moving in that

field will describe one of the given curves; there is, for instance,

no field of force which produces as its trajectories all the circles

of the plane.

The simplest general property of the system of trajectories

is as follows: If a particle is started at a given position in a given

direction with all possible initial speeds into a field of force, a

single infinity of trajectories will be obtained, one for each value

of the speed; construct for each of these curves the parabola

having four-point contact (osculating parabola); the foci of

these parabolas will always lie on a circle passing through the

given initial point. An equivalent statement is that the di-

rectrices of these parabolas will always be concurrent. In space

we employ osculating spheres and find that the locus of the

centers is a straight line.

A completely characteristic set of properties, for both the

plane and space, is given in Chapter I. It is thus possible to

tell when a given system of curves can serve as a system 6f

dynamical trajectories. A method is obtained for constructing

the field from its trajectories^ If say a handful of particles is

thrown into an unknown field (the force acting at any point

depending only on the position of the point) and if a photograph

of the totality of paths is taken, then, without any record of

velocity or any observation of time, the field can be constructed.

In particular it is possible, by simple geometric tests, to dis-

tinguish conservative from non-conservative fields.
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Chapter II deals with the geometry of conservative forces.

Here the energy equation allows us to group the trajectories

into "natural families/
1

Such a family is obtained most con-

cretely as the'totality of oo? rays or paths of light in any medium

where the index of refraction varies continuously from point to

point. The geometric characterization is first given by two

simple properties relating to circles of curvature; and then by a

new converse of the theorem of Thomson and Tait. It is seen,

for example, that if a candle is placed in the atmosphere of in

any gas of variable density, the *> 2
rays emitted by it, which may

be curves of very complicated shape, will necessarily have these

properties: (A) the circles of curvature constructed at the given

source all meet at a second point; (B) three of these circles have

four-point (instead of merely three-point) contact with thair

curves, and these three are mutually orthogonal; (<7) the oo1

rays form a normal congruence, that is, admit oo 1
orthogonal

surfaces. Natural families are characterized either by (A) and

(B), or by (A) and (C).

These results are applied to the propagation of waves in any

isotropic medium. A second and more complicated converse

question suggested by the Thomson-Tait theorem is discussed.

Some interesting optical theorems are given a geometric formu-

lation, but the converse problems are left unsettled. The final

section deals with the "general problem of dynamics" in the

sense of the French writers.

The third chapter deals with transformation theories. It is

interesting to notice how the mo?t important groups of geometry,

the projective atid the conformal, play essential rdles in dynamics,

the former in connection with arbitrary fields, the latter in

connection with conservative fields and natural families. The

ihfinitesimal contact transformations of mechanics, and a new

group of space-time transformations are also discussed.

The chief subject of Chapter IV is a simple problem in con*

strained motion, which includes, and hence serves to unify, the

theories of trajectories, brachistochrones, catenaries, and velocity
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curves in an arbitrary field of force. Complete characteriza-

tions are given. Curves of constant pressure and tautochrones

are treated only briefly.

Chapter V includes brief discussions of more complicated

problems in motion, for example, the effect of a resisting medium

on the geometric character of the system of trajectories; the

motions of any number of interacting particles (the results being

of course applicable to the problem of three bodies); finally,

forces depending not only on position but also on the time, both

trajectories and space-time curves being studied. The latter

are constructed, in the sense of Minkowski, in the four-di-

mensional space (z, y, z, t), but the application made is to ordinary

dynamics, not to electrodynamics or relativity theory.

The main results of the first two chapters (in particular the

complete characterizations of general systems of trajectories and

of natural families) were first given by the writer in a series of

four papers published in the Transactions of this Society (1906-

1910). Some of the other results are given in notes published in

the Bulletin. The last two chapters, as well as many sections of

the other chapters, deal with hitherto unpublished results.



CHAPTER I

TRAJECTORIES IN AN ARBITRARY FIELD OF FORCE

1-8. TRAJECTORIES IN THE PLANE

1. We consider first the motion of a particle in the plane

under the action of any positional field of force. The general

equations of motion are

where m is the mass and <p, $ are the rectangular components
of the force acting at any point x, y. There is no loss of gener-

ality in assuming the mass of the particle to be unity, so we write*

(1) * = *>(*, y), y = t(x, y).

The particle may be started from any position (XQ, yo) with

any velocity (XQ, j/ ). A definite trajectory is then described.

Since the same curve may be obtained by starting from any one

of its oo l

points, the total number of trajectories, for all initial

conditions, is oo 8
. The differential equation of the thrfd order

representing this system of trajectories, found by eliminating

the time from'(l), is

(2) (*
-

yW" - {** + (*v
- vM - vjfW - 3^"

2
.

This is not an arbitrary differential equation of the third order.

Hence the system of trajectories generated by an arbitrary field

of forqe must have peculiar geometric properties, which translate

the peculiar analytic form of (2).

* The following notation is employed throughout these lectures: Dots indicate

total differentiation with respect to the time t; primes indicate total differ-

entiation with respect to x; subscripts x and y indicate partial differentiation;

finally, the subscript a indicates total differentiation with respect to the arc

length a.

7
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2. Before stating these, we remark that a more intrinsic basis

for the discussion is obtained by decomposing the acting force

into components normal and tangential to the path, instead of

parallel to x and y axis as in (1). Denoting these components
by N and T respectively, the equations of motion are

(3) Vr - N, .
- T,

where denotes the speed, s the arc length, and r the radius of

curvature. By differentiating the first of these equations with

respect to s, and comparing with the second equation, we can

eliminate 0, obtaining

(4> (rN). = 2T,

a relation which defines the trajectories and is equivalent to (2).

To reduce this to a more explicit form, we introduce an auxiliary

vector, completely determined by the given field of force, namely
the space derivative of the force (considered of course as a

vector). The normal and tangential components of the force

vector are

the corresponding components of the new vector are

v. + y'fr

While the new vector is the a derivative of the force vector, its

components are obviously not the same as the a derivatives of

the old components: the correct relations are found to be
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These formulas are sufficient for the discussion of trajectories.*

By means of (7) we can reduce (4) to the form

(8) Nrt
= -

Sttr + 37
1

.

This is the fundamental intrinsic representation of the system of oo*

trajectories connected with a given field of force.

From it we may derive very simply a number of geometric

properties. But in dealing with the converse questions which

arise, and in proving the completeness of the set obtained, it is

more convenient to use the equivalent cartesian representation,

that is, equation (2).f

3. The Five Characteristic Properties in the Plane. The system
of trajectories generated by any positional field of force in the

plane has the following set of properties, and conversely, any

system of oo8 curves which has these properties will be a system
of dynamical trajectories.

* In some of the later discussions we shall need also the space derivatives

of 91 and X, which may be written in the form

.
- 2, + ~',

where

(1 +!/")'"'

fr,
- 6, - 2( + fr,)y' + (*,

j+i m>
'^

--
,HV

-.
_,

M + (2., + *z,)y' + ( + a/',,)/ -I-

<r -
A>\ ^

The functions
</>, ^ depend only on the position of the particle; the auxiliary

intrinsic functions N, T
t W, X, <R lf 91 2 , Ii, Xs , defined above, depend also

upon the direction of motion; finally, AT., T,, R,, 2g depend upon the curvature
of the path. Cf. Bull Amer. Math. Soc. t

vol. 15 (1909), p. 475.

t Cf. Traru. Amer. Math. Soc.. vol. 7 (1906), pp. 401-424, The result

contained in property IV of 3 gives this simple, but apparently overlooked,

dynamical theorem: If a particle starts from rest, the initial curvature of the

path described is one third of the curvature of the line of force through the

initial position.
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I. If for each of the oo 1

trajectories passing through a given

point in a given direction we construct the osculating parabola,

at the given point, the locus of the foci of these parabolas is a

circle passing through that point.

II. The circle that corresponds, according to property I, to a

lineal element, is so situated that the element bisects the angle

between the tangent to the circle and a certain direction fixed

for the given point (the direction of the force acting at the given

point).

III. In each direction at a given point there is one trajectory

which has four-point contact with its circle of curvature: the

locus of the centers of the oo *

hyperosculating circles constructed

at the given point is a conic passing through that point in the

fixed direction described in property II.

IV. With any point there is associated a certain conic

passing through it as described in property III. The normal

to the conic at cuts the conic again at a distance equal to three

times the radius of curvature of the line of force passing through
0. (The lines of force are defined geometrically by the fact

that the tangent at any point has the direction associated with

that point in accordance with property II.)

V. When the point is moved, the associated conic referred

to above changes in the following manner. Take any two fixed

perpendicular directions for the x direction and the y direction;

through draw lines in these directions meeting the conic again

at A and B respectively. Also construct the normal at meeting
the conic again at N. At A draw a line in the y direction meeting

this normal in some point A', and at B draw a line in the x

direction meeting the normal in some point S'. The variation

property referred to takes the form

d __!_ . 9 1 OXUgy

3<o*
'

where AA' and BB' denote distances between points, and where

<i> denotes the slope of the lines of force relative to the chosen
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x direction. This is true for any pair of orthogonal directions,

Fia. l.

and therefore really expresses an intrinsic property of the system

of curves.

4. The most general system of oo3 curves in the plane is

represented by an arbitrary differential equation of the third order

tfo)

It thus involves one arbitrary function of four arguments.

A system of dynamical trajectories, on the other hand, is

represented by an equation of the particular form

and thus involves two arbitrary functions of two arguments.

These are the only systems having all five properties I-V.

It is interesting to notice just how the successive imposition

of the properties gradually narrows down the general form

to the particular form (Fv).

5. The most general system having property I is found to be
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It thus involves two arbitrary functions of three arguments*
This type of course includes the dynamical type as a very special

case. It, arises in a number of different geometric and physical

investigations. It has therefore its own interest. The char-

acteristic property may be stated in various ways, all of course

equivalent to the original form: (I) The osculating parabolas

of the trajectories passing through a given point in a given

direction have the foci situated on a circle passing through the

given point. Five equivalent forms are as follows:

I (2). The directrices of the osculating parabolas form a pencil

It follows that there exists a point (the vertex of thia pencil)

from which all the parabolas subtend an angle of 90.

I (3). If for each of the trajectories considered, we construct

the center of curvature of its evolute, the locus of the centers

thus obtained is a parabola passing through 0, and having its

axis parallel to the given initial direction.

I (4). For each of the trajectories, construct the osculating

equiangular spiral. The locus of the centers of the poles of

these spirals is a circle passing through 0.

I (5). Construct for each of the trajectories the axis of devia-

tion, that is the line bisecting the chords of the curve which are

parallel and infinitesimally close to the tangent. The tangent of

the angle between the varying axis of deviation and the fixed

normal is a linear function of the radius of curvature.

I (6). The derivative of the radius of curvature with respect

to the arc length is a linear integral function of the radius of

curvature. This is practically a restatement of (5), since for

any curve the derivative of the radius of curvature is known to be

equal to three times the tangent of the angle of deviation. But

in this form it has the advantage of being valid, not only in the

plane, but in space of three and in fact any number of dimensions.

If in addition to property I, we impose property II, the function

H(x, y, yO is specialized to

n _ 3

y'
-

(*, jfY
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Thus the most general system with properties I and II is

(fn) (y'
-

)y'"
=

(y
f -

where G is any function of x, y, y
r

, and co is any function of x, y.

The type thus involves one arbitrary function of three arguments

and one arbitrary function of two arguments.

6. Systems with Properties 7, //, ///. Imposing also property

III, we find that G(x, y, y') must be of the special form

Xy'* + rf+v
(/ =

y

Thus the most general system of oo 3 curves having properties /, //,

/// is represented by

involving four arbitrary functions co, X, /*, v each of the two

arguments x, y.

This type may be characterized by the following properties

which are then equivalent to I, II, III.

I (2). For a given lineal element, the directrices of the oo 1

osculating parabolas pass through a common point D.

II (2). When the lineal element turns about the given point 0,

the point D describes a straight line passing through 0.*

III (2). The correspondence between the range of points D
and the pencil of elements through is one-to-two of the special

form

3

r-j
= X sin2 & + n sin cos 8 + v cos2

5,

where d denotes the distance OZ), and 8 is the angle between the

element and fixed direction of OD.

* In the dynamical case this line OD is perpendicular to the force vector

acting at 0. For certain special fields the point D may remain fixed: this

happens only when the components of the force are conjugate harmonic

functions, that is when the field is of the type termed "
analytic

"
by Lecornu.



14 THE PRINCETON COLLOQTJTUM.

7. If now we add the properties IV and V, the four functions

co, X, MI v appearing in (Fm) must obey the relations

(Fjy) Xco
2 + /ico + v + c*>a + cocoy

=
0,

- X* = 0.

Thus the general system having properties I-IV involves three

arbitrary functions of x, y\ while that having all five properties

involves two such functions.

By integrating these relations, we may express the four functions

in terms of two arbitrary functions <p, \f/ as follows:

^ , <py
(0 = ~, X -

> jLt
=

<P <P <P

These values, substituted in the type (Fm), actually give rise

to the type

and thus the proof is completed that the set of five properties

characterizes the dynamical type.

In connection with the statements I (2), II (2), III (2), property

IV may be formulated as follows:

IV (2). In the correspondence described in III (2), if the element

approaches the direction of the force the corresponding distance

OD has for its limiting value 3/2 the radius of curvature of the

line of force passing through 0. It is to be remembered that

the direction of the force, and hence also the lines of force, are

defined purely geometrically in terms of the given triply infinite

system of curves by the fact that at any point in the plane

the
"
direction of the force

"
is perpendicular to the line de-

scribed as the locus of D in the above equivalent II (2) of

property II.

In the same line of ideas it would be possible to find an equiva-

lent for property V (thus completing the characterization), but

the result V (2) cannot be put into simple form. The original

form V may be criticized as inelegant because in it reference

is made to a system of cartesian axes. Of course the result
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expresses an intrinsic property since it is true for all systems of

axes. It would certainly be desirable to restate the result in

intrinsic language. This can be done, for instance, by introducing

the distances cut off by the conic described in IV, not only on

the normal ON, but also on the two lines inclined at an angle of

45 to that normal. However it does not seem possible to obtain

a statement which is both simple and intrinsic in form.

8. Of course many other properties of trajectories may be

obtained, either by reasoning synthetically from the five funda-

mental properties, or by reasoning analytically from the funda-

mental differential equation. We state only a few samples.

If we shoot particles from a given position in a given direction

with variable speed, the center of curvature of the resulting

trajectories describes a straight line (the normal) and the focus

of the osculating parabola simultaneously describes a circle

(by property II), in such a way that the two ranges (one linear,

the other circular) are homographically related; furthermore the

given point, which is on both ranges, corresponds to itself.

If we shoot from the same position in a direction perpendicular

to that previously employed, the new focal circle will be tangent

(at the given point) to the former focal circle. Conversely if

two focal circles, for the same point, are tangent, the initial

directions to which they correspond will be perpendicular to

each other.

We shall make use of the following properties which describe

the disposition of the oo 1 focal circles constructed at a given

point. The two results which follow are geometrically equivalent,

and either may be substituted for property III in the fundamental

set.

Ill (3). If for each of the elements at a given point we construct

the corresponding focal circle, the locus of the centers of the oo 1

circles thus obtained is a conic with one focus at that point.

Ill (4). The envelope of the oo 1 focal circles is always a circle.*

*This enveloping circle is in general position: it does not usually have

its center at the given point. This simple position arises only when the force

is of the Lecornu type.
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9. ACTUAL AND VIRTUAL TRAJECTORIES

9. If we consider the motion of a cannon ball in a given vertical

plane under the action of gravity assumed constant, the triply

infinite system of trajectories consists of parabolas with vertical

axes. We do not, however, obtain all vertical parabolas, rep-

resented by the differential equation of the system of trajectories,

which is here y"'
= 0, but only those whose concavity is directed

downwards. The other vertical parabolas, with concavity

directed upwards, satisfy the same differential equation, and

it is therefore convenient to include them in the system studied.

We thus have a distinction of actual and virtual trajectories.

The latter are the actual trajectories corresponding to gravity

reversed in direction.

In an arbitrary field of force the same distinction arises.

The complete system of trajectories is composed of the actual

trajectories corresponding to the given force, and the virtual

trajectories which are the actual trajectories corresponding to

the reversed field. It is obvious that the system of trajectories

is not changed if the force acting at every point is multiplied

by a constant. If we were considering only actual trajectories,

it would be necessary to restrict this constant to positive

values, but as we include both actual and virtual, the constant

factor may also be negative. (Of course the constant must

not be zero, since then the force would vanish and we should

obtain the trivial system of straight lines.)

It is easy to show that the virtual trajectories corresponding

to the given field may be found by giving the initial speed of

the particle a pure imaginary value. The cannon ball could be

made to describe a parabola with its concavity directed upwards

if only some kind of powder could be invented which would

cause its initial speed to be imaginary!

In discussing the general geometric properties of trajectories)

we had in mind of course the complete system as defined by the

differential equation. Consider for example property I: for any
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given lineal element the locus of the foci of the parabolas oscu-

lating the corresponding trajectories is a circle through the given

point. The question arises, what part of this circle corresponds

to the actual trajectories. It is easily found to be the arc of the

circle cut off by the initial direction line (the common tangent

of the trajectories considered) on that side which is indicated

by the force vector. Thus, if we confined our discussion to

actual trajectories, the focal locus would be, not a circle, but an

arc of a circle, the arc running from the given point to a certain

terminal point A. If we consider all elements through the

locus of the corresponding terminal point A is found to be a

conic passing through in the direction of th'e force vector.*

For a given element, the point A, which separates the actual

from the virtual, may be defined as the limiting position of the

focus of the osculating parabola as the initial speed becomes

infinitely large. The osculating parabola in this limiting case

becomes a straight line, but the focus has a definite limiting

position.

An analogous distinction, into actual and virtual, presents itself

also in the theories of br^chistochrones, catenaries, and tau-

tochrones. The differential equations of the systems of curves

are satisfied by both the actual and virtual curves, and it is the

complete systems that we refer to in all our discussions unless

the contrary is explicitly mentioned.

10-15. TRAJECTORIES IN SPACE

10. Consider the motion of a particle, which we may take to

be of unit mass, in an arbitrary positional field of force. The

equations of motion are

(1) =
<p(x, y, z), y = t(x, yy z), z = \(x, y, z).

The particle may be started from any position, in any direction,

with any speed: its motior is then determined by the field of

* This conic is not thejsame-a* the conic arising in property III.

10
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force, and it describes a definite trajectory. The totality of

trajectories constitutes a definite system of oo 6 curves. (We
exclude the case where the force vanishes at every point, the

trajectories then being merely the oo4
straight lines.)

What are the properties of such quintuply infinite systems of

curves? Obviously an arbitrary system of space curves cannot

be obtained as the totality of trajectories connected with any
field of force. In fact the most general system of oo 5 curves

(assuming that oo 1 curves pass through any point of space in

any direction) would be represented by a pair of differential

equations, one of the third order and one of the second order,

of the general form

(2) tf
=

f(x, y, z, y', *', y"), *" - g (x, y, z, y', *', y"),

thus involving two arbitrary functions of six arguments; while

the dynamical type involves merely three arbitrary functions of

three arguments. The differential equations representing the

dynamical type, obtained by eliminating the time from the

equations of motion, may be written in the form

-
*W l <f>* + yVv +

y
"

(x
- *W-

The question is to express the peculiar form of these equations
in simple geometric language.
The interpretation of the second equation is obvious: the os-

culating plane of the path passes not only through the given
initial direction 1 : y' : z', but also through the fixed direction

<P : $ : x; that is, the osculating plane always passes through the

direction of the force acting at the given point. The other

properties are not obvious;* they take into account the form of

the differential equation of third order.

* The simplest of these, property II below and certain consequences, were
fast stated in the author's note published in the Butt. Amer. Moth. Soc.,
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We cannot now, as in the ^ov m the plane discussion, employ

osculating parabolas, since our curves are twisted. Three

consecutive points of a curve determine an osculating circle.

What do four consecutive points determine? No simple type

of osculating curve is available, so we shall make use of the

osculating sphere. The results are therefore quite different in

form from those obtained in the two-dimensional theory.

11. The Four Properties in Space. In order that a system of

oo 6
space curves, of which oo 1

pass through each point in each

direction, shall be identifiable with the system of trajectories

generated by a positional field of force, it is necessary and suffi-

cient that it shall have the following four purely geometric

properties :

I. The osculating planes of the oo 8 curves passing through a

given point form a pencil; that is, all the planes pass through a

fixed direction.

II. The osculating spheres of the oo 1 curves passing through
a given point in a given direction form a pencil; their centers

thus lie on a straight line.

III. The straight lines which correspond, in accordance with

II, to all the oo 2
directions at a given point, form a congruence

(of order one and of class throe) consisting of the secants of a

twisted cubic curve; which cubic furthermore passes through the

given point in the direction fixed by property L
IV. The associated plane systems S', determined by the given

space system in the manner described below, have the five geo-
metric properties characteristic of a system of plane dynamical

trajectories. Consider the given system of oo 5
space curves in

connection with any plane p. Through any point of p there pass
oo 2 curves of the given system which are tangent to the plane.

Project the differential elements of the third order belonging to

these space curves orthogonally upon p, thus obtaining oo 2

yol. 12 (1905), pp. 71-74. Somewhat simplified proofs were then given by
Ces&ro, in a paper published shortly before his death, in the Memorie di

Torino (1905). The complete set of properties appeared in the Trans. Amer.
Math. Soc., vol. 8 (1907), pp. 121-140.
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plane differential elements of the third order at the selected point.

Applying this process to all points of p, we have a defined set

of oo 4
differential elements of the third order. These elements

define a certain differential equation of the third order, and thus

determine a system of oo 8
integral curves. This we term the

associated system in the plane p. The space system has the

property that every one of these plane systems associated with

it is a system of dynamical trajectories, and therefore has the

five properties started in 3, which we here denote by I P-VP

in order to avoid confusion with the four spatial properties.

These four properties are ordinally independent: no one can

be derived from those which precede it. The question of absolute

independence is left open: it is quite probable that IV is suf-

ficiently strong to furnish a complete characterization by itself.

12. The most general system having property I involves one

arbitrary function of six arguments besides two functions of

three arguments. These systems have the following properties,

which are of course consequences of property I.

The oo 1 curves passing through a given point in a given di-

rection have not only the same osculating plane, but also the

same torsion.

If the torsion is given the corresponding initial directions form

a quadric cone. In particular such a cone defines the directions

of those curves, through the given point, which admit hyper-

osculating planes.

If for each of these curves we construct, at the common point,

the related helix* (that is the helix which agrees with the curve

in osculating plane, curvature, and torsion), the axes of the

helices so obtained generate a cylindroid.

13, The most general system with properties I and II involves

two arbitrary functions of five arguments, besides two functions

of three arguments. Two further statements, each equivalent

to II, are as follows,:

*An osculating helix, that is, one having four-point contact with the curve,

does not in general exist.
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If for each of the oo 1 curves defined by a given lineal element

we construct the osculating circle and the osculating sphere,

the distance between the center of the circle and the center of

the sphere varies as a linear integral function of the radius of

curvature.

For the same set of oo 1

curves, the derivative of the radius of

curvature with respect to the arc length can be expressed as a

linear integral function of the radius of curvature.

This last form has the advantage of being valid in space of

two or any number of dimensions. On this basis, however, it

would be difficult to formulate equivalents for the higher prop-

erties, so as to obtain a complete characterization.

14. Property III is perhaps the most interesting result obtained.

The most general system having this property in addition to I

and II is represented by a pair of differential equations involving

ten arbitrary functions of three arguments.

One may ask what is the significance of the cubic curve

(we denote it by F), which arises in connection with III. To

each point of space there is related a certain cubic F. If we

shoot from in every direction with every speed, we obtain oo s

trajectories. Each of these has an osculating sphere with a

definite center C. To each of the trajectories there corresponds

one center C. Usually the center C determines the trajectory.

However if C lies on the curve F, there are oo 1

, instead of one,

corresponding trajectory: in this case in fact the initial direction

may be any direction perpendicular to the line joining and C.*

Thus the curve F may be defined as the locus of those points

which may serve as centers for more than one trajectory through

the given point 0.

A simple consequence of III is that the locus of the centers of

the osculating spheres of the oo 2
trajectories touching a given

plane at a given point is a quadric surface.

* Two trajectories through have the same osculating sphere only if the

initial speed is the same, and if the line through perpendicular to the initial

elements meets the cubic r.
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If the plane varies, the given point being held fixed, the oo 2

quadrics obtained form a linear system.*

The properties so far considered relate to the curves through a

given point 0. If we have oo 8 curves passing through a point 0,

oo 1 in each direction, and if, at that point, properties I, II, III

are fulfilled, it will not usually be possible to generate the curves

as trajectories in any field of force. All that follows is that the

relations between y
f

, z', y", z", y'"> z"' are of precisely the same

form as those holding for trajectories; and therefore it is possible

to find (in infinitely many ways) a field of force such that each

of the o 8
trajectories passing through the given point shall

have contact of the third order with some one of the given curves.

15. In order to cause our system to be of the dynamical type,

it is necessary to restrict the ten arbitrary functions involved

in the type characterized by I, II, III so that only three arbi^-

traries remain, namely, the components <p, $, x defining the field

of force. This is the r61e of property IV, which states that in

any plane p the associated system S is of the plane dynamical

type. An equivalent statement is as follows:

IV (2). If the oo2
space curves touching any plane p at any

point are projected orthogonally upon p, the plane curves thus

obtained possess the properties Ip , IIP, IIIP ; when the point

varies in p, the direction associated with it by IIP, and the conic

associated with it by III P , vary in accordance with the restrictions

expressed in IVP and Vp .

It may be remarked that the first half of this statement hol'ds

for all space systems having properties I, II, III; in fact all

such systems have also property IVP . The real restriction is

in Vp . It is also sufficient to consider, instead of all planes p,

merely those of a triply orthogonal set.

16-25. THE INVERSE PROBLEM OF DYNAMICS: A METHOD
OF GEOMETRIC EXPLORATION

16. The usual direct and inverse problems arising in dynamics
are: first, given the force acting on a particle, to find its motion;

* On the other hand if we vary the given point, keeping the plane fixed,

no simple result is obtained: the oo* quadrics constitute an arbitrary family.
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and second, given the motion of a particle, to find the force

acting on it. The first problem is solved by integrating the

differential equations of motion. The second is solved by dif-

ferentiating the coordinates of the point with respect to the time.

Suppose, however, that we are given only the path described

by the particle but have no information about the motion along

the curve. If merely a single curve is given, the problem of

finding the acting force would of course be indeterminate. But

if all the trajectories, described by starting particles in a field

of force from all initial positions in all directions with all speeds,

are given, then the field of force is essentially determined (that

is, up to a constant factor). Hence if we were given a photograph

of the entire system of curves generated by some (positional) field

offorce, without any record of r,iotion or time, it ought to be possible

to find the law of the field of force. This is easily seen to be true

analytically; but \\e wish also a purely geometric solution

which will enable us to pass from the given curves to the vector

representing the force at each point of the plane (taking first

the two-dimensional case). The result gives what may be

described as a method for the geometric exploration of a field of

force.

17. First consider two trajectories passing through the same

point in the same direction. Construct the two osculating

parabolas. The circle passing through the point and the foci

of these parabolas will, according to property I, be the focal

circle corresponding to the given point and the given direction.

Then, according to property II, the direction of the force acting

at will be symmetric to the tangent to this circle at with

respect to the common tangent of the two curves. An equivalent

of this construction is to join to the intersection of the direc-

trices of the osculating parabolas: this line is perpendicular to

the direction of the force acting at 0.

If we are given two trajectories passing through in different

directions, then the direction of the force at is not determined.

The Same is true if we are given three curves with distinct

tangents.
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18. //, however, we are given four trajectories with distinct

tangents, the force direction is (in general) uniquely determined.

Consider an arbitrary direction at 0, and let us see if it can

be the direction of the force acting at that point. Take the

image of this direction in the tangent to the first of the given

curves; then pass a circle through in the direction so obtained

and through the focus of the corresponding osculating parabola.

Doing this for each of the four curves, we obtain four focal circles.

// there exists a circle touching these four, the direction tested is cor-

red. This follows from property III (4) of 8. We have then a

purely geometric problem: to find a direction at such that the

four circles constructed by means of it shall admit a common

tangent circle. We may simplify this problem by inverting the

configuration considered with respect to 0. We then have,

instead of the four focal circles, four straight lines which are to

be concyclic. As we change the direction tested, these rotate

simultaneously through equal angles about four fixed points,

namely, those obtained by inverting the four foci.

Take an arbitrary oriented direction for trial; construct for

each of the four inverse foci, a direction parallel to the image of

the tangent to the fccwl circle with respect to the tangent to

the corresponding trajectory. We thus obtain four oriented

;n ""il dements, one at each of the inverse foci. The problem is

then to rotate these through the same angle a, so that the new

elements shall have concyclic lines.* In this position the image
of the direction of any one of the four elements in the corre-

sponding tangent at will give the required direction of the

force. The only ambiguity, in general, will be in the sense (arrow-

head) of the force: this, however, may be determined separately

for actual f trajectories by considerations of concavity and con-

vexity.

19. The direct analytical treatment is as follows. The dif-

ferential equation of the oo 3
trajectories of any positional field

* A simple ruler and compass solution of this problem was suggested to

the *,urhor by Professor Wedderburn.

tSee9.
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of force is of the form

25

where X, /z, v
y w are functions of x 9 y (and have therefore fixed

numerical values so far as we deal with the oo 2 curves passing

through a given point 0), the latter quantity w representing the

slope of the acting force. Each of the four given curves Ci, d,
C3 , C| through the point determines certain values of the

derivatives y', y", y"'\ that is we are given the differential ele-

ments of third order

", yS" d -
i, 2, 3, 4).y,-',

Substituting these values we have four linear equations

(y/
-

<o)y/"
- (Ay/

2 + M*// + )*//' + 3y/'
2

(i
=

1, 2, 3, 4),

from which we can find the values of X, ju, v, co at the given point.

The required direction of the acting force is determined by the slope

///

. '/

where numerator and denominator are determinants of the fourth

order.

20. By any of these methods we may determine the direction*

of the vector representing the force acting at any point of the

plane. How shall we determine the magnitude of the vector?

The determination cannot be absolute, since, as already remarked,

two fields that differ by a constant factor have identical trajec-

tories. The magnitude of the vector at any one point may
be taken at random, and then the field is completely determined.

This depends upon the simple fact that if we know the path
* Of course if all the trajectories were given, the direction of the force

would be determined immediately by the fact that the curves in that direc-

tion have zero curvature.



26 THE PRINCETON COLLOQUIUM.

of a particle and also the direction of the force acting at each of

its points, then assuming the magnitude arbitrarily at one point,

it is completely determined at all points. This is an integration

problem. We know the force vector at the initial point 0, and

may decompose it into components N and T, normal and tangent

to the given curve. Assuming the mass to be unity, the initial

speed is given by

t>o
2 = rN,

where r is the known radius of curvature. Then from

wt T,

we may find v,, the rate of variation of the speed for unit of arc.

The speed at any point P of the curve is thus found in the form

where all the quantities in the right-hand member are geo-

metrically given. (The integrals throughout are calculated from

point to point P.) If we denote by the inclination of the

force to the curve, so that tan N/T, the speed is

Since the speed, that is the motion, is now known, the magni-
tude of the force is also known. The components at any point P
are

,-lcott-r,

N - N^ '
, T - N cot 0.

21. We see that the construction of the field may be carried

out without knowing all the oo* trajectories. So far as the

direction of the force is concerned, it is sufficient to know at

each point of the plane either two trajectories with a common

tangent, or four trajectories with distinct tangents. So far as



ASPECTS OF DYNAMICS. 27

the magnitude is concerned it is then sufficient to know oo 1
tra-

jectories through one point 0, one for each direction, since we can

then integrate from this point to any point of the plane* along

some one of the curves.

A field offorce is in general determined, and may be constructed,

if we know 4oo* out of the totality of oo 8
trajectories, each of the

four systems of oo 1 curves covering the plane (or the region

considered) simply, that is, one passing through each point of

the plane.

The complete system of oo8 trajectories is thus determined in

general by four systems of oo 1
trajectories. Further reduction

is possible. In general Soo 1 curves determine the totality, but

no simple constructions are then available. If two simply

infinite systems of curves (that is, a net of curves) are assigned

arbitrarily, a corresponding complete system can be found ia a

large infinitude of ways: the corresponding field of force is not

determined up to a constant, but involves arbitrary functions.

The first and most interesting example of the geometric ex-

ploration of a field of force arose in Bertrand's discussion of

Kepler's laws. The first of these laws (every planet describes

an ellipse having the sun for a focus) is geometric, while the second

and third are kinematic (involving the areal velocity and the

period). The first law determines all the trajectories, and there-

fore determines the field of force,f Hence the newtonian la\v

of gravitation can be deduced from the first law alone, instead of

as usual, from 'all three. Bertrand thus concludes that the

other two laws are consequences of the first. If Kepler had beer

a mathematician of the twentieth century, he would have stopped

his laborious observational inductions after noting his first law

and deduced the other two analytically.

The first law, in Bertrand's discussion, is of course to be taker

ideally: not only the actual planets describe conies with a focus

at the sun, but every particle starting from any position with

* That is, in some region of the plane in some neighborhood of O.

t It is assumed, of course, that the force depends only upon the position
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imy velocity describes such a conic. From what has been

stated above it is sufficient to limit the observations to four

simply infinite systems of conies in
"
general

"
position,

On account of the last phrase, it is easily possible to commit

errors in the application of the result. It would be possible to

give 40O 1 or even oo2 conies in certain special ways, so that the

field is not determined. (See 23.)

22. This raises the general question: How many trajectories

may be common to two distinct fields of forced

The first field, defined by its components <p, ^, has a system of

oo8
trajectories with a differential equation

the second field, with components <p\, ^i, has a system of tra-

jectories given by an analogous equation

(y
f - 0ir (Xi/ + MI*' + *i)y" + W*<

If there are any solutions in common,* they must satisfy the

equation of second order

3(o>
-

o>i)y"
-

(y
f -

)(Xi/

Two systems of trajectories cannot have more than oo* curves

(one through each point in each direction) in common without

coinciding. If they have oo 2 curves in common the differential

equation of the second order defining these curves must be of

the cubic formf

y"- V+V+fy' + Z),

where the coefficients are functions of x, y.

Usually the solutions of the equation of the second order will

* In addition to straight lines, y" ~ 0, which are common to all systems.

t HUB form ifl characterised by the fact that the locus of the centers of

curvature of the curves passing through a given point is a special type of

cubic curve, Cf. Amer . Jour. Afol/i., 1908, p. 207.
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not satisfy either equation of the third order and the two systems

will have no curves in common. An example showing that the

two systems may actually have oo* curves in common is given

by the fields

^ = x, $ 4y; <pi a?"
8
, fa 1,

where the equation of second order,

defines oo* curves y aa? + 6, which are trajectories in both

fields.

23. A fortiori 4oo l
curves, or any number of simple systems,

may belong to two distinct fields. If the four simple systems

are given in the form

y'
=

fi(*,y) (*- 1,2, 3, 4),

the field, if it exists, will be uniquely defined provided not all the

determinants of fourth order in the matrix

1 1//, /<//, /#/, /.", 3/,'
1

-/</,"! |

vanish identically. Here the primes denote complete differen-

tiation with respect to x, so that

f -/.+//*

This is the exact formulation of the result stated previously
"
in

general.
91

24. Consider the simplest of all fields, gravity assumed constant

If a cannon ball is projected in any way into the field it describe-

a vertical parabola. Conversely if every path in an unknown

field is a vertical parabola, it follows that the acting force is

vertical and constant in intensity. How many cannon ball

experiment* would have to be made in order to arrive at this con-

clunonf

We confine the discussion for simplicity to a fixed vertical
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plane, taken as the zy-plane, so that the equations of motion are

. 0, $ - 1

and the trajectories are the oos
parabolas

y ox2 + & 4- c

Suppose first the cannon is kept in one place, say the origin,

and the ball is fired in all directions with all initial speeds, giving

in all oo* parabolas

y = as* + bx.

This would not be sufficient to prove that the field is uniform.

Another possible field, for example, is

In fact there are oo2 distinct fields each consistent with the given

set of oos parabolas.

The same is true if we confine our geometric experiments to

the oo2 parabolas y = ay? + c found by shooting horizontally

from every point in the axis of ordinates with variable initial

speed. The differential equation of this family is xy" = y',

precisely the one given at the end of 22, and so the two forces

there given are consistent with the experiments, just as much
as ordinary gravity.

If however the shots are fired from all points in the axis of

abscissas, with all initial speeds, at the fixed inclination of 45,

producing as trajectories the oo2 vertical parabolas whose foci

are on the axis of abscissas, the field must be uniform gravity.

The only possible field is in fact * = 0, $ = constant.

The same is true if we fix the amount of powder, that is the

initial speed, and shoot from every point on the ground (the

axis of x), at every angle. This gives <x>
2

parabolas with a

common directrix.

As an example of a set of 4oo 1 observations that would be

sufficient, we mention only the case of shooting from four*

* It may be that three stations are sufficient, but this requires a separate
discussion. Two stations would certainly not suffice.
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stations on the ground, pointing the cannon at the angle 45,

and using all initial speeds.

25. Consider very briefly the general inverse problem in space

of three dimensions. The determination of the magnitude of

the force involves the same considerations as in the plane case.

If we are given two trajectories through in the same direction,

the osculating planes must coincide. The force acts in this

common plane; its direction is determined by projecting the

given space curves orthogonally on this plane, and then using

the plane construction described above.

If we are given two trajectories with distinct osculating planes,

the initial directions will be necessarily distinct; the force-direc-

tion is then determined by the intersection of the osculating

planes.

If we are given two trajectories through in different direc-

tions, but with the same osculating plane, the direction of the

force is not determined. We need in fact four such curves with

the same osculating plane and different directions before the

force-direction is determined: the requisite construction is again

obtained by orthogonal projections of the curves of the common

osculating plane, thus reducing the problem to that considered

in the two-dimensional theory (cf. 18).

26-27. TESTS FOR A CONSERVATIVE FIELD

26. Since the system of trajectories determines the field of

force, it ought to be possible to find out from the trajectories,

whether the field belongs to any special type, for example, whether

the field is central or conservative.

The lines of force are determined geometrically by property I

in the plane and property II in space. The field will be central if

the lines of force are straight lines passing through a common

point.

We now give a number of tests any one of which will distinguish

a conservative from a non-conservative force. It is not possible

to decide this from the lines of force alone.
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1. First consider the plane theory. Here there is for each

point a certain conic determined by the trajectories in accordance

with property III of 3 as the locus of the centers of the hyper-

osculating circles. For a conservative field (and for no other) this

come is always a rectangular hyperbola.

2. In connection with property III (3) of 8 we have this test:

The conic which there appears as the locus of the centers of

the focal circles is in the conservative case merely a straight line.

That is, the focal circles constructed at any point all have a

second point in common.

3. The focal circles corresponding to two perpendicular

directions are, in any field, tangent to each other. In the con-

servative case the two circles coincide.

4. In any field two trajectories through a given point

exist whose osculating parabolas have the same given focus.

If for one given focus the trajectories are orthogonal at 0, this

will be true for any given focus. When this is the case for every

point 9 the force will be conservative.

27. In the three-dimensional theory, the lines of force in the

conservative case necessarily form a normal congruence; but

this is not a sufficient test. All the tests given below are both

necessary and sufficient.

1. First consider property III of 1 1. In any field there corre-

sponds to each point a certain twisted cubic curve Fl The con-

servative fields are distinguished by the fact that the cubic F is,

for every point 0, of the rectangular type.*

2. An interesting kinematic test, connected with the theorem

of Thomson-Tait, is the following. If from any point we shoot

with a given speed t>o in every direction, oo 2
trajectories will be

obtained. If these form a normal congruence (that is admit a set

of orthogonal surfaces), the same will necessarily be true for any

other speed u . The trajectories starting out from any point with

*That is, the cubic intersects the plane at infinity in three mutually

orthogonal directions. All the quadrics passing through the curve are then

of the equilateral type.
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a given speed form a normal congruence when, and only when, the

field is conservative.

The necessity of this condition is included in the Thomson-

Tait theorem discussed in the next chapter. Its sufficiency, of

course, requires a separate discussion which is connected with

the theory of velocity systems.

3. In order to make the preceding test purely geometric, it is

necessary to have a geometric method of assembling those tra-

jectories which, starting from the same point, correspond to the

same initial speed. Such a method is readily found from the

fact that the square of the speed varies directly as the radius of

curvature and directly as the normal component of the force.

The oo 2
trajectories corresponding to a given speed have circles

of curvature intersecting each other at the same point on the

line of the force vector; that is, the centers of curvature lie in $

plane perpendicular to the direction of the force acting at the

given point. In the conservative case, the oo2 trajectories so

selected form a normal congruence.

4. Among the oo 2
trajectories considered there are, for any

field, three which admit hyperosculating circles of curvature.

The three initial directions thus determined will be mutually

orthogonal when and only when the field is conservative.

Only test 1 is directly connected with the set of properties

I-TV of page 19. The other three are suggested by the discussion

of velocity systems (cf. 32).

11



CHAPTER II

NATURAL FAMILIES: THE GEOMETRY OF CONSERVATIVE
FIELDS OF FORCE

28. ORIGIN AND APPLICATION OF THE NATURAL TYPE

28. We now consider the properties of the trajectories gener-

ated by conservative fields of force. The total system of tra-

jectories will have the general properties previously considered

for an arbitrary field of force, together with the additional proper-

ties stated in 26, 27, peculiar to the conservative case.

An entirely new feature presents itself, due to the fact that

the differential equations of motion admit an integral of the

first order, namely, the energy equation. During any motion

of the particle in the given field, the sum of the kinetic and

potential energies is constant; thus each motion corresponds

to a definite value of the constant A, representing the total energy.

The motions may therefore be grouped according to the values of

h. Those corresponding to a given value form what may be

termed, following Painlevfi, a natural family.

Thus, in space of two dimensions, the complete system of

trajectories for a given conservative field of force consists of oo8

curves grouped into oo 1 natural families, each composed of oo2

curves. For example, in the case of ordinary gravity the tra-

jectories are the oo* vertical parabolas (in a given vertical plane),

and the natural families are formed by grouping together those

parabolas which have the same (horizontal) line as directrix.

In space of three dimensions, the complete system contains

oo 1
trajectories grouped into oo 1 natural families, each containing

oo4 curves. Examples are the oo4
parabolas with vertical axes

whose directrices are situated in a fixed horizontal plane; and

the oo4
circles orthogonal to a fixed sphere. The simplest ex-

ample, corresponding to the case of zero force, is the oo4 straight

lines of space.
34
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This grouping of the trajectories according to the values of

the total energy constant, that is, into natural families, is funda-

mental in most dynamical investigations relating to conservative

forces, in particular, those connected with the principle of least

action and the developments of Hamilton and Jacobi. From

this point of view, dynamical problems relating to the same

field of force, but having distinct values of ft, are considered as

essentially distinct problems. Quoting Darboux: "This re-i

striction is in accordance with the spirit of modern mechanics

which attaches less importance to force than to energy, and which

permits us to regard as distinct two problems in which the force

function or work function is the san^e, but the total energy is

different/'

It therefore seems of interest to work out the purely geometric

properties of natural families. According to the principle of

least action, such a family is made up of the extremals defined

by the variation problem

f VW7 + h ds = minimum,

that is, the curves which cause the first variation of the integral

to vanish. This follows from the fact that the speed v, in the

action integral fvds, is determined by the energy equation

h).

Abstractly, a natural family of curves may be defined as one

which can be regarded as the totality of extremals connected

with a variation problem of the form

j Fds = minimum,

where F is any point function, that is, any function of x, y, z in

the three-dimensional case.

Such families arise not only in the discussion of trajectories,

but also, for example, in the discussion of brachistochrones,

catenaries, optical rays, geodesies, and contact transformations.
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The brachistochrone problem for a conservative field with any
work function W leads to the integral

Thus the complete system of brachistochrones is made up of

oo 1 natural families, one for each value of h.

When a homogeneous, flexible, inextensible string is suspended

in the conservative field, the forms of equilibrium, which are

termed catenaries in the general sense of the word, are obtained

by rendering the integral

a minimum. Hence here also we have oo 1 natural families, one

for each value of A.*

Consider an isotropic medium in which the index of refraction

v varies arbitrarily from point to point. The paths of light in

such a medium, according to Fermat's principle of least time,

are determined by minimizing the integral J vds and hence form

a single natural family. This is the most concrete way of defining

a natural family.

The connection with the theory of geodesies is obvious.

Thus in the two-dimensional case the geodesies of the surface

whose squared element of length (first fundamental form) is

X(z, y)(d^ + dy
2
) are found by minimizing the integral J VX d* 9

and hence the representing curves in the x, y plane constitute

a natural family. Hence if any surface is represented conformally

on a plane, the geodesies are pictured by a natural family of

curves in that plane. The extension to more variables is evident :

* The complete systems of oo 8 brachistochrones and oo 1 catenaries have

geometric properties distinct from each other and from those of the oo 1

trajectories: no quintuply infinite system of curves can be at the same time

the system of trajectories for some field and the system of brachistochrones

or catenaries iu either the same or a different field. The distinctive properties

for an arbitrary field are given in 5 107, p. 94. Cf . 1 103.
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any natural family in any space may be obtained by conformal

representation from the geodesies of some other space.*

As a last application we consider the transformations which

Sophus Lie has termed the infinitesimal contact transformations

of mechanics. In the plane case, such a transformation is

defined by a characteristic function of the special form

Q(#, y)(\ + y'
2

)* and is characterized by the fact that the lineal

elements at eacb point are converted into the elements of a

circle about that point as center. The path curves of every

contact transformation of this category form a natural family.

29-31. CHARACTERISTIC PROPERTIES A AND B

29. Osculating Circles Property A. We now consider the

general geometric properties of a natural family in ordinary

space, that is, the totality of oo 4 extremals connected with an,

integral of the form

(1) fF(x, y, z) VI + / + *'
2
dx.

The differential equations of the family are then the corresponding

Euler-Langrange equations

ir-^-I^XlHV +A
z" = (1.

- z'Lx}(l + y'
1 +A

where

L =
log F.

Of the oo 4 curves in this family oo 2
pass through any given

point p, one in each direction. Our first result is:

THEOREM 1: The oo 4 curves in any natural family have this

property: the circles which at any point p of space osculate the<x>*

curves passing through that point, have a second point P in common
and thus form a bundle.

* A natural family on a given surface may be regarded as a family of

pseudo-geodesies, that is, one which may be obtained as the conform^! picture
of the geodesies on some other surface.
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This property we shall refer to as property A. In the discussion

it is convenient to decompose it into these two statements, also

relating to the oo 2 curves through a given point:

(Ai) The osculating planes constructed at the common point
form a pencil.

(^2) The centers of curvature lie in a plane perpendicular
to the axis of the pencil of osculating planes.

A proof of the theorem stated is easily obtained by regarding
the family as made up of dynamical trajectories. Property A\
results from the fact that the osculating plane of a trajectory

always passes through the force vector. Property A* is proved

by noting that those trajectories through a given point, which

correspond to the same value of the total energy A, are all

described with the same initial velocity VQ. The radius of

curvature at the initial point is given by the formula

r - vf/N,

where N denotes the component of the force along the principal

normal. Since N is the orthogonal projection of a fixed vector,

the locus of its terminal point will be a sphere through the initial

point. The conclusion then follows from the fact that r varies

inversely as N.

The following analytical discussion has the advantage of

answering the converse question which naturally arises: Arc

there other systems with property At

The differential equations of any system of <
4
space curves,

one determined by each lineal element of space, may be assumed

in the form

(3) y" - /(*, y, z, y', *'), *" - g(x, y, z, y', *')

Property A\ requires that at each point there shall be a certain

direction through which all the osculating planes at that point

must pass. Let the direction in question be given by the ratios

of three arbitrary point functions

(4) $(a.,y,a), f(x, y, 2), x(x,y,z)',
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then the requisite condition is

(5)
*L'.
/>

X -*'<*>

y

Property A% requires that the centers of curvature shall lie in

a plane perpendicular to the direction (4) ; hence

(6) <t>X + tY+ XZ= 1,

where X, F, Z, denote the coordinates of the center relative

to axes with the common point as origin. Using the general

formulas for the center of curvature, and combining with (5), we

find

THEOREM 2: The differential equations of any system of curves

possessing property A are of the form

where ^, \[/, x are arbitrary functions of x, y, z. The converse i*

wlid also.

The equations (2) are seen to be included in this form, hence

the result certainly holds for our natural systems, as stated in

theorem 1.

30. Hyperoscidations-r--Property B. The circles of curvature

at a given point, for any system of the form (7), constitute a

bundle. We now inquire whether any of these circles correspond

to four-point, instead of three-point, contact.

If a twisted curve is to have an hyperosculating circle of cur-

vature at a given point, two conditions must be satisfied, namely,

(8) o.
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The first of these states that the osculating plane has four-point

contact with the curve; the second, in which r denotes the radius

of curvature, is the condition for the existence of an osculating

helix, i. e., one with four-point contact. When both conditions

hold the helix is simply the circle of curvature, which then has

hypercontact.

Applying these conditions to the curves defined by (7), we find,

from (8),

(10) (*
- t/W -

(x
- *W + (y'x

- *W = 0;

and, from (9),

(11) (1 + /

where the indicated summations extend over <, ^, x and where 0',

for example, denote^ <j>x + y'(t>v -f z'0g .

Since we wish to discuss the oo 2 curves through a given point,

we may simplify our equations considerably by taking the axis

of abscissas in the special direction (4). Then, at the selected

point, \f/ and x vanish, and the above equations reduce to

(100 2/Y - *'V = 0,

(110 (/ + *
/2

)(0'
~ 2

)
-

(3tV + *'x')
= 0.

Neglecting the trivial solutions for which y
/2 + *? vanishes,

we may reduce this pair of simultaneous equations to the form

This set of equations for the determination of y', z' is of a familiar

type, namely, that arising in the determination of the fixed

points of a collineation, and is easily shown to admit three solu-

tions.* Hence

* Of course in special cases some of these may coincide, or the numbei

of solutions may become infinite. The theorem stated is true
"
in general

'

in so far aa it omits these cases which are definitely assignable.
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THEOREM 3 : The curves defined by equations of the form (7)

we such that through each point there pass three with hyperosculating

circles at that point.

Since the form (7) is characterized by property A, it follows

that the existence of three hyperosculating circles in each bundle

is a consequence of property A.

We state two further properties, found by considering the

conditions (10') and (IT) separately.

The tangents to those curves of a system (7) which pass through a

given point and there have an hyperosculating plane form a quadric

cone. This cone passes through the special direction (4).

The tangents to those curves which have an osculating helix at the

given point form a cubic cone. This cone passes through the

special direction (4) and through the minimal directions in the

plane normal to that direction.

These properties hold for natural families since they hold for

all systems with property A. By comparing (7) with (2), we

see that the functions <f>, \(/ 9 x in the case of a natural family are

(13) </>
- Lx, * = Lvt X = L.i

and hence are connected by the relations

(14) *.
-

x* = 0, x* - =
0, <t>v

- ik = 0.

We now inquire what is the effect of these relations on the

directions of the hyperosculating circles. Introducing, for

symmetry,

(15) X : Y : Z = 1 : y' : z',

we may write our equations (12) in the homogeneous form

xvy2-^ZM-(x,-*v)r2+x**F-,Mrz=o,
(16)

- x^+^ZH-tf,,YZ- XvXY+ (*,-<?- xt)XZ= 0,

t,X*-<t vY*-<t>,YZ-(<t>,-<p-tv)XY+t,XZ=0.

In virtue of (14), each of the quadric cones (16) is seen* to be

* The condition for such a cone is that the sum of the coefficients of X1
,

P, and Z* shall vanish.



42 THE PRINCETON COLLOQUIUM.

of the rectangular type. Hence the three generators common
to the cones must be mutually orthogonal. This gives

THEOREM 4: In the case of any natural family the three hyper-

osculating circles which exist in any bundle are mutually orthogonal.

We refer to this property as property B.

31. The relations (14) are seen to be necessary as well as

sufficient for the orthogonality in question. Hence property B
is the equivalent of (14), and serves to single out the natural

families from the more general class defined by equations of

form (7). The latter form was characterized by property A;
hence we have our

FUNDAMENTAL THEOREM: A system of oo4 curves, one for each

direction at each point of space, will constitute a natural family

when, and only when, it possesses properties A and B: that is, the

osculating circles at any given point must form a bundle, and the

three hyperosculating circles contained in such a bundle must be

mutually orthogonal.

32. GENERAL VELOCITY SYSTEMS

32, The most general system with property A is represented

by differential equations of the form

and thus involves three arbitrary functions. Only in the case

where these functions are the partial derivatives of the same

function is the system a natural one. We now point out a

dynamical problem that leads to the general type (7): this

justifies the term velocity system which we hereafter employ to

denote any system of this type.

Consider a particle (of unit mass) moving in any field of force,

the components of the force being 0, \f/f x- The equations of

motion are then

* - *(*, y, *), it
** *(*, y, z), 2 - x(*, v, a).

If the initial position and the initial velocity are given the motion
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is determined. If only the initial position and direction of

motion are given, the osculating plane will be determined but

the radius of curvature r will depend for its value on the initial

speed v. Hence, in addition to the usual formula

there must be a formula expressing a* in terms of x, y, 2, y', z', r.

This is furnished by the familiar equation

where N denotes the (principal) normal component of the force,

so that

The result may be written in the two (equivalent) forms

In the actual trajectory v varies from point to point. If now we

replace t>* in this result by some constant, say 1/c, the resulting

equations may be written

The curves satisfying th^se differential equations they are not

in general trajectories we define as velocity curves. For any field

a curve is a velocity curve corresponding to the speed t> , provided

a particle starting from any lineal element of the curve with

that speed describes a trajectory osculating the curve. In a

given field of force there are oo 6
trajectories and oo 1

velocity

curves.* If c is given we have oo 4
velocity curves. In particular

* The properties of a complete system of oo 1
velocity curves are analogous

to, but distinct from, those of a complete system of trajectories. Cf. p. 94,
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if c (and hence 0) is taken to be unity, our equations become

precisely (7).

Any system of oo 4 curves possessing property A, that is, any

system (7), may be regarded as the totality of velocity curves cor-

responding to unit velocity in some (uniquely defined) field of force.

Only when the field is conservative do the velocity systems for

each value of v (or c) become natural systems. The trajectories

also are in this case made up of oo l natural families, one for each

value of the energy constant h\ but the two sets of natural families

are distinct. The determination of a velocity system in one

conservative field is equivalent to the determination of a tra-

jectory system in another conservative field, and vice versa.

We find in fact the following explicit result:

// two conservative fields with work functions W\ and Wi satisfy

the relation*
iwl

W* = ae^l -
A,

then the oo4
velocity curves for the speed VQ in the first field coincide

with the oo 4
trajectories for the constant of energy h in the second

field.\

33. RECIPROCAL SYSTEMS

33. With any velocity system S

(5) y"=(*-yV)(l+/+A z"=(x-zV)(l+y'
2+2'

2

)

there is connected a definite point transformation T: for in virtue

of property A to any point p corresponds a definite point P,

the osculating circles constructed at the first point all passing

through the second point. The transformation T is explicitly

(D

* We note that if W\ is left unaltered and r varied, W\ takes quite distinct

forms. The oo 1
velocity systems in a given field do not constitute the<x>m-

plete system of oo 5
trajectories in any field whatever.

t It is seen that the two fields have the same equipotential surfaces and
therefore the same lines of force. (Central fields therefore correspond to

central fields.)
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It is thus entirely general. To an arbitrary transformation*

corresponds a definite velocity system. In particular, to the

inverse transformation jT""
1 there corresponds a certain system

S', which we define as reciprocal to S.

Hence to a general] velocity system S, that is, any system possessing

property A, there corresponds a definite reciprocal velocity system

S'. The osculating circles of those curves of system S which pass

through any point p are at the corresponding point P the osculating

circles of the curves of the system S' passing through P.

Consider the bundle of circles determined by two corresponding

points p and P. We know that three of these circles have

hypercontact with S-curves at p, and three have hypercontact
with S'-curves at P. It is not obvious that the circles so ob-

tained really coincide. Omitting the rather long proof, we

merely state the result.

Reciprocal velocity systems have the same hyperosculating circles:

ihe, three circles hyperosculating curves of the given system S at

any point p also hyperosculate curves of the reciprocal system S'

at the corresponding point P.

It follows at once that if S possesses property B (that is

mutually orthogonal hyperosculating circles) the same will be

true of S'. This means that whenever system S is natural so is S'.

The reciprocal of a natural family is always a natural family.

We may restate this in optical terms as follows: With any

isotropic medium, defined by its index of refraction v(x, y, z),

there is connected a certain reciprocal medium with an index of

refraction v(x, y, z): the rays of light in this second medium,

namely, the extremals of

ft(x, y, z)ds = minimum,

form the system reciprocal to that formed by the rays of light

*It may even degenerate but must not be merely the identical trans-

formation. We however exclude systems with degenerate T'B from the rest

of the discussion: we assume that the jacobian does not vanish, so that the
inverse transformation exists.

t See preceding footnote.
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in the given medium, namely, the extremals of

fv(x, y, z)ds = minimum.

The actual calculation of v from v requires only operations that

are performdble in the Lie sense, namely, eliminations and dif-

ferentiations. See Transactions of the American Mathematical

Society, volume 10 (1909), page 213.

34. CHARACTER OP THE TRANSFORMATION T

34. The transformation T (from point p to point P) associated

with the most general system possessing propertyA is, as we have

seen, entirely arbitrary. The question arises what is the pecu-

liarity of T if the given system is of the natural type. The
answer to this will furnish an equivalent of property B, and

will thus make it possible to characterize natural families with*

out introducing hyperosculating circles.

The problem is to describe geometrically the class of trans-

formations of the form

2jfy

depending on one arbitrary function L of x, y, 2, instead of three

independent functions required in a general point transformation,

X - *(*, y, 2), Y - *(*, y, 2). Z - X(x, y, 2).

For a general (analytic) point transformation the bundle of

lineal elements at any point is converted linearly into the bundle

at the corresponding point. Are there any elements which go

over into parallel elements? It is well known that there are

three. If in particular these three elements are mutually per-

pendicular (for every point of space), we obtain a certain category

of transformations which may be termed Darboux* transforma-

See Proceeding of the London Mathematical Society, 1900.



ASPECTS OF DYNAMICS. 47

tions or deformations. They are analytically of the form

involving one arbitrary function. Obviously this is not the class

we desire.

We next ask whether in the general transformation there are

any elements at a given point p each of which is turned into a

cocircular element at the corresponding point P. This is, in a

way, a case correlative to the Darboux case: for whether two

elements in space are parallel or cocircular they have in common
the properties that they are coplanar and equally inclined to the

line pP joining their points. It is found that there are always
three such elements at any point. If we require these to be

mutually orthogonal, we obtain precisely the transformations

connected with natural families.

A system of oo4
space curves possessing property A will farm a

natural family when and only when the associated transformation T

(from point p to point P) has the following property: the three lineal

elements at p each of which is converted into a cocircular element

at P are mutually orthogonal.

We have thus obtained an equivalent for property B. It

may be shown synthetically that the three directions just de-

scribed (cocircular elements) always coincide with the directions

of the hyperosculating circles. The orthogonality of the one

triple amounts to the same thing as the orthogonality of the

other.

It may be remarked that the class of transformations connected

with all natural systems do not form a group. It is obvious how*

ever that the inverse of any member of the class is contained in

that class. This is the essence of the law cf reciprocityfor natural

systems, previously obtained by a different method.

35-44. THE CONVERSE OF THOMSON AND TATT'S THEOREM

35. It is well known that if straight lines are drawn orthogonal

to any given surface they will necessarily be orthogonal to an
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infinitude of surfaces (namely the surfaces parallel to the given

surface). Thomson and Tait in their Natural Philosophy showed

that this property of the oo 4
straight lines of space holds for the

oo4
trajectories described in any conservative field with the same

total energy, that is, for any natural family. The writer has

proved that no other families of curves have the property: it is

entirely characteristic of the natural type.* We first state the

original theorem in connection with the general theory of the

calculus of variations, and then take up the converse theorem.

Later a second converse question is discussed.

35'. Thomson and Taifs Theorem. We have seen that a

natural family of curves in space may be regarded as the totality

of extremals of a variation problem of the particular form

(1) J - fF(x, y, *)*,

where F is a point function, ds is the element of length

ds * dx1 + dy
2 + d# 1 + y

f* + z'
2

dx,

and the integral is taken between fixed end points.

It is easily shown that for integrals of this form,f and for no

others, the relation of transversality, in the sense of the calculus

of variations, amounts merely to orthogonality. This suffices

to distinguish our type among variation problems of the general

form

(2) ff(*,y,*,y'*')dx.

But of course it does not serve as a complete geometric test for

a natural family. What is the geometric character of the systems

of oo 4 extremals connected with any variation problem(2)?

This is aa unsolved question in the calculus of variations. J

* At least in the case of space of three dimensions. Cf. Trans. Amer.

Math. Soc., vol. 11 (1910), pp. 121-140.

t Cf . BoLea, Variationsrechnung, p. 691 ; also p. 146 for the two-dimensional

problem due to Hedriok.

| See the author's paper, "Systems of extremals in the calculus of variations/'

Bull. Amer. Math. Soc. 9 vol. 13 (1908), pp. 289-292.
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We are concerned here only with the integrals of special form J,

defining natural families. Applying Kneser's fundamental

theorem on transversals,* we have this well-known result: If from

the points of any surface 2 we construct the extremals orthogonal

to the surface, and on each lay off an arc so that the integral J

takes some constant value, then the locus of the end points is a

surface which is also orthogonal to the extremals.

36. This is known as the theorem of Thomson and Tait. It

was obtained by them in connectipn with the dynamics of a

particle moving in a conservative field the first interpretation

of a natural family considered in 28. Here F(x, y, z) represents

the speed v, as determined by the energy equation

** = 2(W+ A),

where W denotes the work function (negative potential), and

the mass is assumed to be unity. Of course h has a fixed value,

We quote the original statement of the theorem:
"

If from all points of an arbitrary surface particles not mu-

tually influencing one another be projected normally with the

proper velocities [so as to make the sum of the kinetic and potential

energies have a given value); particles which they reach with

equal actions lie on a surface cutting the paths at right angles/'

The integral /, in this case, represents the action

h)d*.

The oo 1 surfaces cutting the curves orthogonally thus appear as

surfaces of equal action.

The corresponding statement for brachistochrones is sometimes

called the theorem of Bertrandrf From the points of any surface

draw the brachistochrones normal to the surface and on each lay

off lengths so that the time of transit is equal to a given quantity;

then the locus of the end points will be another surface orthogonal
*
Bolza, pp. 131 and 691.

t Cf. Routh, Dynamics of a Particle (1398), p. 376. According to Appell,

Mcanique rationelle, vol. 1 (1909), p. 466, this result was indicated by Euler.

12
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to the brachistochrones. Here the integral J represents the time

ds

so that the orthogonal surfaces appear as surfaces of equal time.

Corresponding statements may be made, of course, for the other

interpretations leading to natural families. The most concrete

aspect is obtained by using the language of optics. Here the

integrand function is simply the index of refraction v(x, y, z),

varying from point to point in any (isotropic) medium, and the

integral J vds is proportional to the time. The paths of light in

such a medium form a (single) natural family, and every natural

family may be obtained in this way. The oo 2
rays*(in general

curved) starting out normally from anys urface admit oo 1

orthogonal surfaces. These present themselves as surfaces of

equal time. We shall describe them as a set of wave fronts or

wave surfaces.

37. The geometric part of the theorem of Thomson and Tail

may be stated as follows: In any natural family of oo 4
space curves,

the oc 2
curves which meet any surface orthogonally always form a

normal congruence.

Is this geometric property, which we shall refer to as the

Thomson-Tait property, characteristic? This is in fact the case.

We shall prove, namely, the following

CONVERSE THEOREM. // a quadruply infinite system of curves in

space is such that oo 2
of the curves meet an arbitrarily given surface

orthogonally* and always form a normal congruence (that is, admit

an infinitude of orthogonal surfaces), then the system is of the natural

type, that is, it may be identified with the extremal system belonging

to an integral of theform fF(x, y, z)ds.

38. The result is simple but the proof is rather long. We give

the essential steps.

Consider an arbitrary quadruply infinite system of curves in

* This means the same as requiring that one curve of the system passes

through each point of space in each direction.
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space, assuming that one passes through each point in each

direction. Such a system may be defined by a pair of differential

equations of the second order

(1) y" = F(x, y, z, y', *'), *" = G(x, y, z, y', 2'),

where F and 6? are uniform functions which we assume to be

analytic in the five arguments. Denoting the initial values of

x
> 1/9

z
> y

9

y z', which may be taken at random, by x, y, z, p, q

respectively, and employing X, Y, Z as current coordinates,

we may write the solutions of (1) in the form

Y = y+ p(X - x) + \F(X - *)
2

Here F and G are expressed as functions of x, y, z, p, q; and M
and N, found by differentiating (1), are given by

M**F, + pF,+ qF, + FFP + GF q >

(3) N s Gx + pGy + qG, + FGP + GGq .

The terms of higher order will not be needed in our discussion.

Equations (2) involve five arbitrary parameters but of course

represent only oo4 curves.

Consider now an arbitrary surface S

(4) a = /(*,y).

At each point of this surface and normal to it a definite curve

of the given family (1) may be constructed. A certain congruence
will thus bt determined. We wish to express the condition

that this shall be of the normal type, that is, that the oo 2 curves

shall admit a family of orthogonal surfaces.

The direction normal to the surface S at any point is given by

1 :p: ?
= /*:/*:- 1,

so that

(5) p = P(x9 y), q = Q(x, y),

where

(50 P -/.// -
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These functions are connected by the relation

(5") PQX
- QPX

-
<?

is 0.

The equations of the oo2 curves corresponding to the given
initial conditions may now be written

X = x + t,

(6) y = y + pt + fF> + im + - .

.,

where t takes the place of X x in (2), and where the bars

indicate that the substitution (4), (5) has been carried out, so

that, for example,

(7) F(xt y) mF(x,y,f,P,Q).

The coefficients of the powers of t in (6) are thus functions of the

two parameters x9 y.

The general condition for a normal congruence given in para-

metric form is*

(8) (TXY) - (Z'ZX) + y'(ZTZ) - Z'(Y'YZ) = 0,

where the parentheses denote jacobians taken with respect to t,

x, y, and Y', Z' denote the derivatives of Y, Z respectively

with respect to t.

Expanding (8) in powers of t in the form

(9) n + i+ "2<
2 + ,

we find that flo vanishes in consequence of (5") This is as

it should be, since our oo 2 curves are orthogonal to S by con-

struction.

The terms containing the first power of t give

- QFX
- Gy)

* We may also use the convenient form due to Beltrami. Cf . Bianchi-

Lukat, Differentialgeometrie, p. 340.
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From (6
7

) we find

F, - Fx + FJ* + FPPX + FqQx,

with corresponding results for 6X and Gv . Substituting these

values, and observing from (5) and (5') that

/.
- -

i/fc /*
- -

P/Q. Q* ~ PQ* - QP*,

we may reduce (10) to

2F{ PQP*+Q*Q,\+2G{ PP,

(100 X

This is then a necessary condition in order that the oo2 curves

belonging to the quadruply infinite system (1) and orthogonal

to the surface (4) shall form a normal congruence. The result

is to hold in virtue of (4) and (5).

It is of course not a sufficient condition. It merely expresses

the fact that the curves orthogonal to S are also orthogonal to

some consecutive surface, that is, that the congruence is approxi-

mately normal to the first degree.

Our main problem is to find all systems (1) which have the

orthogonality property with respect to every base surface S.

It is then necessary that (100 should be true for an arbitrary

function /(a;, y). The function can be so selected that for any
chosen values 'of x and y the quantities /, P, Q, P*, Pv, Q99

shall take arbitrary numerical values; for the only relation to

be fulfilled is (5") and this merely determines Q*. The con-

dition (100 must therefore hold identically. Arranging it in the

form

do") a + P1 + <m + QC& + c*pv
- c*p, - o,

and equating coefficients to zero, we find

C m qF9 - F. - pGx + Ov
= 0,

(11) C2 - (1 + p> + f)0, - 2pO - 0,

P
- qFp ]

2pqF - 2(p* + <f)G ~ 0.
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Integration of the second and third of these partial differential

equations gives

F - /i(p, *, y, )(! + P
2 + 9

2
), (? = fifa, *, y, )(! + P

2 + 9*),

where /i and 0i denote unknown functions of the four arguments
indicated. Substituting these values in the fourth equation.

we find /ip
=

gi q, and therefore

where #, ^, x are functions of or, y, z only. The general solution

of the last three equations of the set (11) is therefore

(12) F-(*-f*)(l+iM-tf), G=(x-^)d+P2+91
).

We have still to satisfy the first equation of (11), which now

reduces to

(13) +.
- Xy + P(X*

~
<t>,) + 9(0*

-
*,) - 0.

The functions 0, ^, x must therefore satisfy the equations

(130 *.
- x = 0, x. - *. - 0, y

- *. -

and hence are expressible as the derivatives of a single function

in the form

(13")
= I * - if, x - i-

The solutions of the set (11) are therefore

F=(iy

involving an arbitrary function L of x, y, z. The resulting system

(1) is thus recognized to be a natural family* This gives our

fundamental converse theorem.

39. In the above discussion use has been made, not of the

complete condition for a normal congruence, but only of con*

dition (10') derived from the terms of the first order in t. We
may therefore state a stronger converse result as follows:
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The only systems of oo 4 curves which have the property that

the curves orthogonal to any surface are always orthogonal to some

infinitesimally adjacent surface are those of the natural type.

If a congruence of curves meets two neighboring surfaces

orthogonally it need not meet oo 1 surfaces orthogonally, and

therefore it approximates to, but need not coincide with, a normal

congruence. The above theorem shows however that if the

weak requirement of approximate normal character be imposed
on a// the congruences obtained from the given quadruply infinite

system, they will all be exactly normal.

40. We may further strengthen our theorem by demanding the

orthogonality property for some instead of all surfaces. Our

fundamental equations (11) resulted from the fact that x, y, z,

f, P, Q, Px, Py, Qx might receive arbitrary numerical values.

It will therefore be sufficient to take a manifold of surfaces

sufficiently large to leave these quantities, or the equivalent

quantities

(15) x, y, zf zX9 Zyt

unrestricted. Since these quantities define a differential surface

element of the second order, we may state the result as follows:

The converse theorem remains valid if, instead of considering

all base surfaces, we employ a manifold of surfaces sufficiently

large to include all the oo 8
possible differential elements of the

second ordei1
.

41. The Thomson-Tait theorem holds of course even when the

base S shrinks to a curve or a point: there will still be a normal

congruence orthogonal to the curve or point (in the latter case

orthogonality means simply passage through the point). We
state a number of results obtained in this connection.

If for an arbitrary curve as base the corresponding oo2
orthog-

onal curves of a given quadruply infinite system always form

a normal congruence, the given system is necessarily natural.

If we require each of the congruences here considered to be

of approximately normal character, a more general type of system
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is obtained, namely the velocity type of 32. The velocity type

is thus characterized by the fact that those curves of the system

which meet an arbitrary C-*rve orthogonally are orthogonal to

some infinitesimally adjacent (of course tubular) surface. We
may even restrict ourselves to the case where the base is a curve

of the given system, or the case where it is any straight line.

42. Suppose next that the base is an arbitrary point. Are

natural families the only families of oo 4 curves such that the oo2

curves passing through any point form a normal congruence?

A discussion shows that this is not the case. There exist families

not of the natural type, for example, that defined by the dif-

ferential equations

y" = y'\ z" = 0,

with the restricted property stated. To find all such systems

would be a rather difficult, but certainly an interesting, under-

taking. The result would of course include the natural type as

a special case.

43. It will not however be the velocity type. It may be

shown in fact that the only velocity systems for which the curves

passing through an arbitrary point constitute always a normal

congruence are those of the natural type. Recalling the fact

that the velocity type is characterized by property A, we may
give a new characterization of the natural type as follows:

Natural families are the only quadruply infinite systems of curves

in space such that the oo2 curves through an arbitrary point admit

an infinitude of orthogonal surfaces, and such that the osculating

circles constructed at the common point form a bundle.

44. It may also be shown that if for every point and every

straight line as base the corresponding congruence is normal,

the system will be natural. To have a velocity system it is

sufficient to demand that the congruence corresponding to an

arbitrary straight line shall be approximately normal. To have

& natural system it is sufficient to demand approximate normality
for the congruences corresponding to arbitrary straight lines and

plane*.
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45-53. WAVE PROPAGATION IN AN ISOTROPIC MEDIUM:

PROPERTIES OF WAVE SETS

45. The optical interpretation of a natural family and the

Thomson-Tait property suggest certain sets of surfaces which

we shall now study.

Consider a given medium defined by its index of refraction

v(x, y, z) given as a function of position. The rays (in general

curved lines) are the <*>
4 extremals of

(1) fv(Xj y, z)ds
= minimum;

they form the natural family, whose differential equations are

y"= (Iv ~y'L*)(l + / +A
*" (L.-a'L,)(14V +A

where

(20 L m log v.

The oo 2
rays orthogonal to any selected surface S form a

normal congruence, that is, are orthogonal to a set of oo 1 surfaces.

A disturbance originating in the medium on the surface S will

be propagated in the medium through this set of surfaces, which

we term a set of wave fronts. In the given medium an arbitrary

surface belongs to one and only one of these wave sets. A single

surface is thus of arbitrary character, but the sets of surfaces

(3) f(v, yy z)
= constant

that may be wave sets are restricted by the Hamilton-Jacobi

equation

(4) /

The given medium defines also a certain set of level surfaces

v(x> V> *)
= constant.

This, it should be noticed, is not usually a wave set the only ex-

ception arising when the level surfaces are parallel. For a given
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medium the number of wave sets is <x>, since there is one for

each surface. Each of these sets is cut by the level surfaces in

the equidistant curves of the wave set; that is, along any one of

these curves the distance between consecutive wave surfaces

remains the same.*

46. A single set of wave fronts has no geometric peculiarity.

That is, given any set of surfaces f(x, y, z)
= constant, it will

always be possible to find a medium in which that set will serve

as a wave set. In fact there are <x> such media. For in

equation (4), the given function /, without altering the given

surfaces, may be replaced by an arbitrary function Q(/) of itself,

and this gives oo distinct values for v.

When will two sets of wave fronts be consistent? Two arbi-

trary sets of surfaces / = constant, /i
= constant cannot usually

be regarded as wave sets in any single medium. The requisite

condition is

Qi(/i)'

where Q, QI may be any functions. An equivalent condition

is that it must be possible to chose parameters for the two sets

in such a way that

# #*
dn

where dn and dn\ denote the normal distance between consecutive

surfaces.

47. But a clearer answer may be given in terms of the geometric

properties A and B. If a set of surfaces is to be a wave set, the

oo 2
orthogonal curves must be members of the natural family of

<x>
4
rays. If two sets of wave fronts are given, we have then two

congruences of curves. The question then is, when can two

aormal congruences of curves be regarded as belonging to a

atural family?

* This follows immediately from (4). It is to be remarked, however, that

this property is not characteristic of wave sets.
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Take any point p in space, and consider the two curves, one

from each of the congruences, passing through it. The circles

of curvature at p must intersect again at some point P (by

property A). This condition makes sure that the two congru-

ences belong to some velocity system. If now this is to be a

natural system, we must also add property B or rather, since

no hyperosculating circles are directly defined, the equivalent

restriction (see page 47) relating to the transformation from p to

P. The final answer may then be given as follows:

Two sets of wave surfaces belong to the same optical medium when

and only when they satisfy the following geometric conditions:

(A') At any point p of space the circles of curvature of the orthog-

onal trajectories of the two sets of surfaces, passing through that

point, intersect again at some point P.

(5') The point transformation from p to P has the property that

the three lineal elements of p each of which corresponds to a cocircular

element at P are mutually orthogonal.

48. Two sets of surfaces taken at random will not belong, as

wave sets, to any medium. On the other hand, as we have said,

one set belongs to oo distinct media. The question then arises,

just what will uniquely determine a medium.

A natural family is uniquely determined if we are given one set

of wave fronts and a single extra trajectory. This means a tra-

jectory not belonging to the congruence defined as the orthogonal

trajectories of the wave set.

49. The extra curve however cannot be taken at random; it

must be related in a certain way to the wave set. If the wave

set is f(x, y9 z)
= constant, then the condition on the curve is

that it satisfy the Monge equation of second order

-
(1 + / + *'*)(A*

-
y'A.) A -

itf*

(3)

where

(3') A-/,+/+/,.
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can have in common is co 2
(one through each point of space).

If two media have that many in common, it is easily shown that

the resulting congruence is necessarily normal. Any normal

congruence can be obtained in this way, for, as stated above, it

belongs, not only to two, but to 00* distinct media.

53. We mention only one special problem: the determination of

those media in which disturbances are propagated by Lam6 families

of surfaces; that is, every wave set is to be of the Lam6 type (thus

forming part of a triply orthogonal family of surfaces). The

index of refraction is found to vary inversely as the power of the

point with respect to a fixed sphere; the rays then are the oo 4

circles orthogonal to that sphere. Since the radius of the sphere

may be zero, real, or imaginary, these media yield well known

interpretations of parabolic, hyperbolic, and elliptic geometries.

(See Transactions of the American Mathematical Society, volume

12 (1911), pages 70-74.)

54-61. A SECOND CONVERSE PROBLEM CONNECTED WITH

THE THOMSON-TAIT THEOREM

54. Consider the general conservative field, defined by its

work function W(x, y, z). With any motion of the particle there

is associated a definite value of the constant of total energy

If h is not assigned the complete system of trajectories is made up

of oo 6 curves.

Consider now an arbitrary surface, which we term the base

surface,

(2) * = /Or, y).

From each of its points we may draw normal to the surface oo 1

trajectories since the initial value of the speed v is arbitrary.

We thus have in all oo 3
trajectories normal to 2. In order to have

a congruence we must assign the value of v at each point of S,

that is, we must give a law of distribution of the initial speed. The

question arises: What form of law will make the corresponding



ASPECTS OF DYNAMICS. 61

can have in common is <x>
2
(one through each point of space).

If two media have that many in common, it is easily shown that

the resulting congruence is necessarily normal. Any normal

congruence can be obtained in this way, for, as stated above, it

belongs, not only to two, but to so
40

distinct media.

53. We mention only one special problem: the determination of

those media in which disturbances are propagated by Lame families

of surfaces; that is, every wave set is to be of the Lame type (thus

forming part of a triply orthogonal family of surfaces). The

index of refraction is found to vary inversely as the power of the

point with respect to a fixed sphere; the rays then are the o 4

circles orthogqnal to that sphere. Since the radius of the sphere

may be zero, real, or imaginary, these media yield well known

interpretations of parabolic, hyperbolic, and elliptic geometries.

(See Transactions of the American Mathematical Society, volume

12 (1911), pages 70-74.)

54-61. A SECOND CONVERSE PROBLEM CONNECTED WITH

THE THOMSON-TAIT THEOREM

54. Consider the general conservative field, defined by its

work function W(x, y, z). With any motion of the particle there

is associated a definite value of the constant of total energy

1^2 _ w = h.

If h is not assigned the complete system of trajectories is made up

of oo 6 curves.

Consider now an arbitrary surface, which we term the base

surface,

(2) z = /(a-, y).

From each of its points we may draw normal to the surface oo l

trajectories since the initial value of the speed v is arbitrary.

We thus have in all oo 3
trajectories normal to S. In order to have

a congruence we must assign the value of v at each point of 2,

that is, we must give a law of distribution of the initial speed. The

question arises: What form of law will make the corresponding
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congruence a normal congruence? Of course for any law the

congruence will be orthogonal to the base surface, but usually

it admits no other orthogonal surfaces.

The Thomson-Tait theorem (in its complete dynamical form)

gives one such law: it states that if the initial speed is selected so as

to make h have the same value at all the points of 2, the congru-

ence will be normal. It thus gives a plan for constructing oo 1

normal congruences for a given base, one for each value of h.

We shall refer to any one of these as "constructed according

to the Thomson-Tait law."

Is this the only answer to our question? If oo2
trajectories

are drawn orthogonal to 2 and if they form a normal congruence,

cloes it follow that the distribution of values of the initial speed

is precisely such that the sum of the kinetic and potential energies

has the same value at all points of 2?

The requisite discussion is not simple. We shall merely state

the results we have obtained.

55. The answer to our question is
"
in general

"
in the affirma-

tive. The first converse theorem, discussed in 37, is true

without exception. The present is true with exceptions which

may be definitely limited.

For a "
general

"
base surface 2 in a given conservative field of

force, the only congruences, formed by oo2
trajectories orthogonal to

2 (one drawn at each point), which admit an infinitude of orthogonal

surfaces, are those constructed according to the Thomson- Tait law

(so that the total energy has a constant value).

56. To make this precise we must of course limit the class of

exceptional surfaces connected with a given field. These appear

in the analytical discussion as the solutions of a certain partial

differential equation of the second order*

Wx + pWy W, + pWy
Wx + qW, Wx + qW,

~
'

* The expanded result is of the form

PIT 4- Ptf + Pit + P* - 0,

where r, , t denote the derivatives of second order of z /(z, y).
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where W is the given work function, and

Vi + P
2 + <?

This differential equation defines a class of surfaces which is

seen to depend only on the equipotential surfaces

W(x, y, z)
= constant.

The result may be put into geometric form and stated as follows:

The only surfaces 2 which may be exceptional in the theorem of 55

(that is, which may give rise to normal congruences not included in

the Thomson-Tail law) are those with this property: along each of

the equipotential lines* of the surface the component of the acting

force normal to the surface is constant.

57. Observe that it is not stated that the surfaces described,

which exist in any field, actually give rise to additional normal

congruences. To understand the situation more precisely, it is

necessary to observe that in the analytic discussion the condition

for a normal congruence is developed in the form

* i + <% + =0,

where t is the parameter which varies along the curve, starting

with the value zero on the surface 2, and the coefficients Q are

functions of the two parameters defining the initial points on 2,

By assumption the congruence is orthogonal to 2, so the term I2
>

independent of t, will not appear. For a normal congruence all

the coefficients J2 must vanish. If only a certain number vanish

the congruence may be described as approximately normal (the

approximation being of degree n if QI = ft =
12^
= 0) :

the curves are then orthogonal not only to 2 but also to one or

more (infinitesimaDy) adjacent surfaces.

58. If now we impose on the congruence of trajectories normal

to 2 the condition $2i
=

0, we find that this may be fulfilled for

* The equipotential lines of any surface are the lines cut out by the equi-

potential surfaces W const.
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any surface: the restriction is merely on the law of initial speed

and means that the total energy must be the same, not necessarily

over the entire surface, but along each equipotential line of the

surface.*

59. If we further impose the condition &2
=

0, then for a
"
general surface

"
the law of speed must be the Thomson-Tait

law, but for an "
exceptional surface

"
the law is the more general

one just stated.

60. The discussion of the higher conditions fis
=

0, etc., we

have not completed. It is therefore not known precisely in

which cases normal congruences (in the exact sense) may arise.

For central and parallel fields it may be shown that the exceptional

surfacesf actually give rise to normal congruences (in addition

to those included in the Thomson-Tait theory): for such fields

the vanishing of the higher coefficients follows from the vanishing

of the first two.

61. The principal results of the converse problem may be

formulated as follows:

// oo 2
trajectories (of a conservative field), meeting a surface 2

orthogonally, are also orthogonal to an infinitesimally adjacent

surface, then the total energy along each equipotential line of 2
is constant.

.

// oo 2
trajectories, selected from the complete system of <x>

5
, form a

normal congruence, then in general they will all belong to the same

natural family (that is, the total energy will be the same for all the

curves); except possibly when the oo 1

orthogonal surfaces^ are ex-

ceptional in the sense defined in 56 (the additional congruences

then and only then are normal to at least the second degree of

approximation) .

Normal congruences not of the Thomson-Tait type (that is, not

*
If, in particular, the surface is one of the equipotential surfaces, the dis-

tribution of speed is thus entirely arbitrary.

t In the case of ordinary constant gravity the exceptional surfaces are

those termed moidure surfaces by Monge: they are generated by rolling the

plane of any plane curve about a vertical cylinder of arbitrary cross section.

J If one of these surfaces is exceptional, all will be.
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selected from within a natural family) actually arise for central

and parallel fields.

62-67. GEOMETRIC FORMULATION OF SOME Cuiuous OPTICAL

PROPERTIES

62. In Thomson and Tail's Natural Philosophy* the character-

istic function of Hamilton is applied to the motion of a particle

in a conservative field of force, and certain results are obtained

which we shall try to restate as purely geometric properties of

a natural family of trajectories. To what extent these properties

are characteristic is not settled. We quote the principal

passages referred to.

"
Let two stations, and 0', be chosen. Let a shot be fired

with a stated velocity, V, from 0, in such a direction as to

pass through 0'. There may clearly be more than one nat-

ural path by which this may be done; but, generally speaking,

when one such path is chosen, no other, not considerably diverging

from it, can be found; and any infinitely small deviation in the

line of fire from 0, will cause the bullet to pass infinitely near to,

but not through, 0'. Now let a circle, with infinitely small

radius r, be described round as center, in a plane perpendicular

to the line of fire from this point, and let all with infinitely nearly

the same velocity, but fulfilling the condition that the sum of the

potential and kinetic energies is the same as that of the shot from

bullets be fired from all points of this circle, all directed infinitely

nearly parallel to the line of fire from 0, but each precisely so as

to pass through 0'. Let a target be held at an infinitely small

distance, a', beyond 0', in a plane perpendicular to the line of the

shot reaching it from 0. The bullets fired from the circum-

ference of the circle round 0, will, after passing through 0',

strike this target in the circumference of an exceedingly small

ellipse, each with a velocity (corresponding of course to its

position, under the law of energy) differing infinitely little

from V j
the common velocity with which they pass through O 1

'.

Let now a circle, equal to the former, be described round 0',

* Part I (Cambridge, 1903), pp. 355-359.

13
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in the plane perpendicular to the central path through 0', and

let bullets be fired from points in its circumference, each with

the proper velocity, and in such a direction infinitely nearly

parallel to the central path as to make it pass through 0. These

bullets, if a target is held to receive them perpendicularly at a

distance a = a'F/F', beyond 0, will strike it along the circum-

ference of an ellipse equal to the former and placed in a
"
cor-

responding
"

position; and the points struck by the individual

bullets will correspond; according to the following law of
"
cor-

respondence
"

: Let P and P' be points of the first and second

circles, and Q and Q' the points of the first and second targets

which bullets from them strike; then if P' be in a plane containing

the central path through 0' and the position which Q would

take if its ellipse were made circular by a pure straija; Q and Q'

are similarly situated on the two ellipses."

63. The second passage is as follows:
" The most obvious optical

application of this remarkable result is, that in the use of any

optical apparatus whatever, if the eye and the object be inter-

changed without altering the position of the instrument, the mag-

nifying power is unaltered." . . .
*' Let the points and 0' be the

optic centers of the eyes of two persons looking at one another

through any set of lenses, prisms, or transparent media arranged

in any way between them. If their pupils are of equal size in

reality, they will be seen as similar ellipses of equal apparent

dimensions by the two observers. Here the imagined particles

of light, projected from the circumference of the pupil of either

eye, are substituted for the projectiles from the circumference

of either circle, and the retina of the other eye takes the place

of the target receiving them, in the general kinetic statement."*

'This fact and many other applications are included in the following

general proposition.
" The rate of increase of any one component momentum,

corresponding to any one of the coordinates, per unit of increase of any other

coordinate, is equal to the rate of increase of the component momentum cor-

responding to the latter per unit increase or dimension of the former coordinate,

according as the two coordinates chosen belong to one configuration of the

system, or one of them belongs to the initial configuration and the other to

the final."
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64. The statement in the first passage is not purely geometric;

for it involves not only the curves described, but also the speeds

V and V at the points and 0'. We therefore try to formulate

the part of the theorem which is really geometric.

We have a natural family made up of oo 4 curves in space,

one for each initial lineal element (point and direction) of space.

Select any one of these curves c and any two points and 0'

upon it. Construct the planes p and p' normal to this curve at

and 0'.

For each direction through 0, a curve of our family is deter-

mined; this strikes the plane p' at a definite point. We thus have

a certain correspondence between the bundle of directions

through and the points of p'. For directions infinitesimally

close to the direction of c at 0, and for points close to 0', this

correspondence is linear; and by a proper selection of cartesian

axes at and 0', we may write the correspondence in the canon-

ical form

TJ
=

where (x', y') denote the coordinates of the point in the plane

p', and the corresponding direction at has direction cosines

proportional to ( : rj : 1).

In an entirely analogous way, by considering the curves of

the natural family which go through 0', and the points of inter-

section with the plane p, we obtain a second linear correspond-

ence which may be reduced to the form

where (x, y) is the point in the plane p and (' : rj' : 1) gives the

corresponding direction at 0'.

If we were dealing with an arbitrary family of <x>
4
curves, in-

stead of a natural family, these linear correspondences would still

exist; but the choice of axes in the second canonical form would

be different from that required in the first, and the two constants

appearing in the second form would be independent of those
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appearing in the first. The peculiarity of tht natural type may be

stated in the following form: First, the canonical axes for the two

correspondences coincide; second, the ratio of the characteristic

constants has the same value for both correspondences.

This is the essential geometric content of the long statement

quoted above from Thomson and Tait. Is this characteristic

of the natural type? We do not know.

64'. A statement in more concrete terms is of interest. If we

start out from in directions equally inclined (the fixed angle

is of course assumed infinitesimal) TO the direction of cf

that is, along a cone of revolution having for axis the tangent

of c, the resulting trajectories forming a sort of curvilinear cone,

we strike points on p' located on an ellipse with 0' as center.

By changing the angle of the cone we obtain a family of similar

and similarly situated ellipses. The principal axes of these

ellipses are the canonical directions referred to above for the first

correspondence, and the ratio of the diameters is equal to the

ratio of the canonical constants (ai :/3i). By starting from the

other point 0' along cones of revolution having for axis the tan-

gent to c, we strike the plane p in a second set of homothetic

ellipses. The two sets of ellipses thus obtained, one in the plane p,

and the other in the plane p', are similar. This is part of the

property stated, but not the whole. It should be observed that

it has no meaning to say that the two sets are similarly situated,

since they are in different planes.

65. We may, however, obtain two sets in the same plane as

follows: If we start along the cone of revolution from 0, we hit p'

in an ellipse. If we wish to hit p in a circle, we must start at 0'

along a certain elliptical cone: the sections of this cone by planes

parallel to p', projected orthogonally on p', give a set of homothetic

ellipses. We thus have in the plane p', two sets of ellipses, the

first set being obtained from cones of revolution at 0, and the

second set being obtained from elliptical cones at 0' by orthogonal

projection of parallel sections. If we were dealing with an arbi-

trary family of curves, the two sets thus obtained would be un-

related: for a natural family , however, the two sets coincide.
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66. Of course we could also construct two sets in the plane p
and these would coincide; but this would not give an additional

property. In the statement quoted, certain pairs of congruent

instead of merely similar ellipses appear, but that is due to the

introduction of kinematics: namely, use is made of the velocities

V and V at the points and 0'.
"

If and 0' are regarded as

optic centers of the eyes of two persons looking at one another

through any optical apparatus, and if their pupils are of equal

size in reality, they will be seen as similar ellipses of equal

apparent dimensions by the two observers." It should be ob-

served, however, that the dimensions will be equal only under

the assumption that the two eyes are at positions for which the

velocities V and V, or, what is equivalent, the indices of re-

fraction v and *>', are equal. In the most general case of an

isotropic medium, the ellipses will not have equal apparent di-

mensions, but the ratio of the dimensions will be equal to the

ratio of the two velocities.

67. Two converse questions remain unanswered. First: Find

all systems of <x>
4 curves in space such that circles about and

0' appear as similar ellipses.

Second: Find all systems such that the set of ellipses in the

plane p' formed by starting from along cones of revolution,

and the set of ellipses found by orthogonal projection upon p'

of the sections cut out by planes parallel to p' of those (elliptical

curvilinear) cones at 0' vrhich strike plane p in circles, such that

these two sets of ellipses shall coincide.

68-72. THE SO-CALLED GENERAL PROBLEM OF DYNAMICS

68. Consider any material system (particles or rigid bodies)

with n degrees of freedom, so that its position at each instant is

determined by n independent coordinates denoted by x\, x*, ,

*. The kinetic energy T will be represented by a quadratic form

where the coefficients a are functions of the coordinates, and
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the dots denote time derivatives. If the acting forces are con-

servative, there will exist a force function W(xi, x*> , xn)>
which is assumed to be independent of the time, and the equation
of energy

T- W'

h

asserts that in any given motion the sum of the kinetic and

potential energies is constant.

The so-called general problem of dynamics requires the

determination of the motions when we are given the form 3T,

the function W, and the constaitf h. The possible trajectories

are then given by the Jacobi principle of least action as the

extremals of the integral

This defines the most general naturalfamily. The integral is of the

form fFds, where F is any point function and ds is the length-

element in a general /^-dimensional variety Fn defined by

ds* = 2aa4x{dxk.

69. Such a family consists of oo***-1) curves, in the space Fw ,

one passing through each point in each direction. A complete

characterization is given by J. Lipke, in his doctor's dissertation,*

as follows:

(A\) The locus of the centers of geodesic curvature of the oo *~l

curves passing through any point of Fn is a flat 'space of n 1

dimensions 5*-!.

04 2) The osculating geodesic surfaces (two-dimensional

varieties) at the given point form a bundle of surfaces, all con-

taining a fixed direction (and hence the geodesic line in that

direction) which is normal to the S*_i of property A\.

(E) The n directions at any point, in which, as a consequence

of the preceding properties, the osculating geodesic circles (circles

* Trans. Amer. Math. Sac., vol. 13 (1912), pp. 77-W.
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of constant geodesic curvature) hyperosculate the curves of the

given family, are mutually orthogonal.

70. This gives the generalization of properties A and B stated

in 29-31. The simpler results there given for ordinary space

apply to a euclidean space of any dimensionality and also to

spaces of constant curvature. In the general space of variable

curvature, the geodesic circles constructed at a given point do

not all meet at a second point, and so no analogue of the law of

reciprocity of natural families presents itself.

71. The theorem of Thomson and Tait remains valid for any

space.* The converse questions connected with it have not been

settled. In all probability the Thomson-Tait geometric property

is characteristic in any space (flat or curved) of dimensionality

greater than two. Obviously in the case of two dimensions the

geometric converse is not valid, since any system of oo 1 curves

admits oo 1
orthogonal curves.

72. The systems characterized by property A (meaning A\

together with A*) are the most general velocity systems in Vn .

The case n = 2 presents a peculiar feature: for then, included in

the velocity type, we have, in addition to the natural type, another

special type of interest (geometric, rather than dynamic), namely
the isogonal typef (systems formed by the oo 2

isogonal trajectories

of an arbitrary simply infinite system of curves). In the case

of the plane (or any surface of constant curvature) the reciprocity

construction for velocity systems is available, and each of the

species, natural and isogonal, is self-reciprocal. The only

families common to the two species are those formed by the

isogonals of an isothermal system, or, what is the same, by velocity

systems generated by Laplacian fields of force.J

* Cf . Darboux, Lemons, vol. 2, last chapter, where references to the memoirs
of Lipschiti and Beltrami are given.

t Scheffers "introduced the systems of plane curves y" (^ yV)
(1 + y^) in connection with the theory of isogonals, and obtained a law of

reciprocity for isogonal systems. Cf. Leiptiger Berichte, 1898, 1900; Maihe-

matitche Annalen, vol. 60.

t Cf. the author's note,
" Isothermal systems in dynamics/' Bull. Amer.

Math. Soc., vol. 14 (1908), pp. 169-172.
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We note finally this characteristic distinction between the two

noteworthy species:

For both natural and isogonal families in the plane, the circles

of curvature constructed at any point p have another point P
in common. The point transformation T (from p to P) in the

natural case is such that the two lineal elements at any point,

each of which is converted into a cocircular element, are orthog-

onal; while in the isogonal case the two elements, each of which

is converted into an element normal to a cocircular element, are

orthogonal.

If the transformation I* connected with a velocity system is

required to be (direct) conformal, the corresponding field must

be Laplacian. Such fields are distinguished from all others by
the fact that each of the infinitude of systems of velocity curves

is then expressible linearly in the two parameters involved.



CHAPTER III

TRANSFORMATION THEORIES IN DYNAMICS

73-81. PROJECTIVE TRANSFORMATIONS

73. The general object of a transformation theory is to relate

new problems to old problems, and so to proceed from the solution

of the latter to the solution of the former. The most important

geometric transformations are the projective and the conformal.

Both groups play important r&les in dynamics, the former in

connection with general fields, and the latter in connection with

conservative fields.

74. The importance of projective transformations in dynamics

was brought out by Appell in 1889. Given any positional

field of force in the plane, the corresponding equations of motion

are of the fonr

(Px (Fv
(1) ^2 *(*, ), ft

= *(*> )

If an arbitrary point transformation, unaccompanied by any

change in the time, is applied, the new differential equations

will usually involve not only x and y, but also the velocity com-

ponents dx/dt, dy[dt. In fact the only exception is where the

point transformation is merely affine:

xi = ax + by + c, y\
= a'x + Vy + c'.

Appell showed that if a general collineation

_ a'x + Vy + c'w * l
~

a"x + V'y + c'"
** o"x + b"y + c"

is accompanied by a change of the time of the form

di

(20
k(a"x+ 6"

73
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the new differential equations will be of the original form

(3)

and therefore define motion in some new positional field of force.

The relation between the new field and the original field b

explicitly as follows

9l - V(ax + V'y
( }

fr - Wa- + &"y + c")
2

{
-

where the capital letters denote minors in the determinant

|o6V'| of (2).

74'. The trajectories of the original field are converted by the

collineation into the trajectories of the new field. Also the

directions of forces of the two fields are projectively related.

It must not be thought, however, that the force vector acting

at a given point (x, y) in the first plane is projected into the

new force vector acting at the point fai, yi) of the second plane:

the initial points of the two vectors will correspond, of CJUTSC,

by the given collineation, but the terminal points will not. The

question therefore arises, what is the geometric relation between

the new vector field and the old vector field t

To answer this question we take our rectangular axes so that

the collineation takes its metrical normal form. (Affinities of

course require a separate discussion.) The canonical formulas

for our transformation are

(5)

?i -

together with

(60

To each collineation between the two planes corresponds a defi-
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nite vector transformation. The vectors are here of the third

type (bound vectors) described in the Introduction, requiring

four coordinates for their determination. The original vector is

defined by the four numbers (x, y, <p, ^), the first two defining

the initial point, and the last two giving the components of the

vector. The coordinates of the new vector are (x\ 9 y\t <p\, ^\).

The vector transformation induced by the given cottineation is

not protective. The new vector has the same initial point and

the same direction as the projection of the old vector, but has a

different length. The r^tio X between the actual length of the

new vector and the length of the projected vector is

(5") x-*v(* + *).

Noting that in the canonical form x and x+ <p denote the distances

from the initial and terminal points of the original vector to the

vanishing line in the first plane, we may state this result.

Any given (noriraffine*) collineation (2) induces a certain vector

transformation (determined up to the factor k) defined analytically

by (2) and (4), and geometrically as follows: If PQ is any bound

vector in the first plane, and if the cottineation converts the initial

point P into PI and the terminal point Q into Q\, then the trans-

formed bound vector is not PiQi, but P\Q\ 9 where Q\ is the point

on the line joining PiQi such that the ratio X PiQi/PiQi equals

If times the cube of the distance from P to the vanishing line times

the distance from Q to that vanishing line.

The transformation converts the o 4 bound vectors of the first

plane, represented by the independent coordinates (x, y, <p, ^),

into the <x>
4 bound vectors of the new plane, f In the dynamical

application, <p and ^ are given as functions of x, y, that is, we have

a field of oo s
vectors, one for each initial point: the result of

* In the case of an affine oollineation, the induced vector transformation

is, except for the constant factor fc, merely the result of applying the affinity

to both ends of the vector. It is thus linear.

t The vector transformations induced by inverse collineations are inverse

to each other. The four-dimensional transformations are therefore Cremona
transformations.
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the transformation is a new field, <p\ and ^i being expressible in

terms of x\, y\. The <*>
8
trajectories of the first field are con-

verted by the collineations into the oo 3
trajectories of the new-

field; it is to be noticed however that, during any correspond-

ing motions, positions which correspond according to the col-

lineation will usually not correspond to the same instant of

time; in fact from (2')

dt

<=/ V(a"x + V'y + O 2
'

75. If Xy Y denote the velocity components at the position

ar, y and if the corresponding velocity in the second plane is

X\> YI, acting at the position x\ 9 y\, then we find, from the ca-

nonical form (5),

,
Yl

= ky,(xY - yX).

Thus we have a different vector transformation which may be

termed the phase* transformation (in distinction from the force

transformation of 74) : it gives the relation between the corre-

sponding phases in the two planes.

If we speak of points and vectors which correspond in the two

planes according to the given collineation as protectively related,

then the result may be stated in this form:

The new phase vector does not coincide with the projection of the

given phase vector: it has the same initial point, but the ratio of the

actual length to the length of the projected vector is Jc
1 times the product

ofcthe distances from the ends of the original vector to th,e vanishing

line of the collineation.

76. Having studied the Appell transformation and its geo-

metric interpretation in terms of force vectors and phase vectors,

we now ask whether other more general transformations can

play a like r61e. Appell proved the following converse theorem:

* The phase of a particle at any instant, in the sense of Gibba, is its.

position together with its velocity: it is defined by the four numbers (xf y, , y)+
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The only transformations of the form

Xi *(ar, y), yi *(x, y), dti = (x, y)dt

convert every set of differential equations

into one of the same form are those defined by (2), (2').

77. By eliminating the time from (1), giving the differential

-equation of the trajectories in the form (page 7)

(7) (*
- yW" = {** + (*,

-
*>,)!/'

-
*>,y'V'

- W*
the author proved that the only point transformations which

convert every trajectory system (of a positional field) into a

trajectory system are the collineations. This remains valid

even in the domain of all contact transformations, as we now

proceed to show.

We first consider the class of differential equations (cf. page 11)

(8) y'" - G(x, y, y')y" + H(x. y, y')y"*

including (7) as a special case, and characterized geometrically by
the possession of property I (that is, the focal locus for each ele-

ment is a circle through the given point) . We prove this theorem :

The only contact transformations which convert every equation

of type (8) (that is, every system of curves with property J) into

one of the same type are cottineations and correlations.

That no other transformations are possible is seen as follows.

If a contact transformation is to convert type (8) into itself, it

must convert the part common to all systems of that type into

itself. The curves defined by y" = 0, that is, straight lines,

obviously satisfy (8) for every form of and H. It is obvious

that no other (proper) curves satisfy all such equations. But

since we are dealing with contact transformations and not merely

point transformations, we must replace the concept curve by
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the concept union. In the plane the only unions which are not

(proper) curves are points. A point is regarded as made up of

oo l lineal elements; so x is constant, y is constant, y' is ar-

bitrary, and therefore y" and y'" are infinite. Point unions

are to be regarded then as solutions of all equations (8). The

common part thus consists of the oo 2
straight lines and the oo 2

points of the plane. If this is to go into itself, either points

go into points and lines into lines, or else points go into lines and

lines into points. We thus obtain only collineations and cor-

relations.

That the collineations actually leave type (8) unchanged is

easily verified analytically.* The work for correlations is simpli-

fied by observing that every correlation may be reduced, by
means of collineations, to the form of Legendre's transformation

/o\ y _ _ 7/ 7/
.... r?/ __ v v t = _ yw/ *i y j yi *y y> yi *>

(which is simply polarity with respect to the conic a?+2y 1 = 0).

Extending (9), we find

This converts equation (8) into one of the same form

(10) y\" = Gi(x\, j/i, t/i')yi" + H\(x\, y\, y\}y\" ,

the new coefficient functions being related to the old as follows:

Gl
= H(- Vl ',

Hi = (?( yi', xiyi' i/i,

This completes the proof of the theorem stated on the previous

page.

78, If we impose property II on the system (8), that is, if we
consider the subclass in which

(11) H -
-,
--,-r,__ y'
-

(*, yY
* Trans. Amer. Math. Soc., vol. 7 (1906), p. 420.
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the correlations are no longer available, That collineations

actually convert this subclass into itself is readily verified.

The same is true for the still narrower class, characterized by

properties 1, II, and III, In which the differential equation is of

the forr (cf, page 13)

(12) <y - w)y'" - {Xt/'

2 + mf + v}y" + 3z/"
2

.

79. We pass now to the case of dynamical trajectories, defined

by :yw (7), and state the fundamental result:

Collineati#n8 are the only contact transformations of the plane

which convert every system of oo 8
dynamical trajectories (belonging

to i" arbitrary positional field of force) into ruck a system.

The only possibilities here also are coliineations and corre-

kt'om. The former actually have the required property.

The latter have not, as is seen by observing that the application

ov ".he ?>?gendre transformation (9) to a dynamical equation (&)

wi!
r

result Ln a new equation, which, while still of the general

*or?n -T), will not usually be of the dynamical form.*

*Sr, Systems of trajectories are characterized by the set of five

geometric properties of page 10. Therefore protective transfor-

mation will convert any system of curves having these properties

m :r P. system having the same properties. So, in spite of the

far* that the properties as stated involve metric ideas (osculating

parabolas, angles, circles of curvature, etc.), the set is actually

projwtively invariant. It ought to be possible therefore to

restate the geometric characterization in projectile language.

We shall not attempt to carry out this idea completely, and

nv uely restate properties I and II as follows:

Consider the oo 1
trajectories passing through a given point

ir a given direction whose slope is y'. For each of these tra-

jectories construct the conic which has four-point contact at

and touches the line determined by two arbitrarily selected

* We see from (10') that the coefficients and H, which are rational with re-

.ct to y', are converted into coefficients which are not usually rational.



80 THE PRINCETON COLLOQUIUM.

points* A and B (which remain fixed in the following statements) ;

through A and B draw tangents to the conic (in addition to the

fixed line) and join the points of contact. The lines thus con-

atructed, one for each of the <x>
*

trajectories, will form a pencil

(property I).

As the initial direction (that is y
r

) varies about 0, the vertex of

the pencil just described will mote along a straight line] passing

through (property II).

The other properties, especially the fifth, are much more

complicated.

81. In conclusion we point out another way in which the

projective group enters in dynamics. If an arbitrary point

transformation

Xi = $0r, t/), 2/1
=

^(ar, y)

is applied to the differential equations

# = <p(x, y), y = \l/(x, y),

defining motion under a purely positional force, the new differ-

ential equations, of the more general form

will usually define a motion due to a positional force together

with a force depending on the velocity x, y. If this latter force

is to be absent the transformation will be affine, as already re-

marked ( 74). If, instead, we demand that the latter force

shall act in the direction of the velocity (and thus be in the

nature of a resistance), we find that the transformation may
be any collineation.

More generally, projective transformations are the only point

* In the original metric statements these are of course the circular points

at infinity.

t The force direction will be determined projectively as the harmonic of

this line with respect to the lines joining to A and B-
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transformations which leave invariant the type

* = *>(*, y) + *R(x, y, *, y),

y = ^(*i y) + yR(x, y, , y),

defining motion of a particle under any positional force together with

any resistance term acting in the direction of motion.

82-91. CONFORMAL TRANSFORMATIONS

82. The importance of conformal transformation is well known

in connection with the theory of the potential. Geometric

inversion or transformation by reciprocal radii, for example,

yields the method of electric images due to Sir William Thomson.

In connection with dynamics, the importance of general con-

formal transformations has been emphasized by Larmor, Goursat,

and Darboux.*

83. Consider any conformal representation of the points of

two surfaces S and Si. The first fundamental forms of the

surfaces may be taken to be

ds* = Edu* + 2Fdudv + Gdf,

dsf = X(du2
-f ZFdudv + Gdv*),

where corresponding points have the same parameters u, v.

The principal theorem is that every natural system on one surface

becomes by the conformal representation a natural system on the

other. This is obvious if we remember that natural systems are

obtained by minimizing an integral in which the integrand is

the element of length multiplied by any point function. Hence

The only point transformations (in any space) which convert

every natural family into a natural family are the conformal.

84. Consider now the oo 3
dynamical trajectories on S produced

by a conservative field of force, the work function being W.

These consist of oo 1 natural families, one for each value of the

*Cf. the discussion in Routh, Dynamics of a Particle, Nos. 628-035

<method of inversion and conjugate functions).

14
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constant of total energy h. It will be convenient to refer to the

particular natural system produced in the given field W for a

particular value h, as the family due to W + h.

The corresponding family on *Si is due to

W+ h

Hence the oo 1 related natural families on S, found by varying h,

go over by the conformal representation into <*>
l natural families

which are not usually related, that is, do not form the complete

system of trajectories belonging to a conservative field. The

only case in which the new families are related arises when

IF-X,

for then the new systems are due to the work function

Wl
=

1/X.

We then reach the conclusion that in any conformal representation

(excluding the trivial homothetic case*) there is a unique conservative

force whose complete system of oo 8
dynamical trajectories is con-

verted into the complete system of some (usually distinct) conserva-

tive force. The work function of the force in question is defined by

the squared ratio of magnification,

85. Similar statements may be made for brachistochrones*

Every system of oo 2 brachistochrones due to any work function

and a given value of h of course becomes such a system, for any
natural family may be regarded as a family of brachistochrones.

But there is only one complete system of oo 3 brachistochrones which

is converted into a complete system, namely, that defined by the work

* It is obvious that in this case every complete system of trajectories becomes.

a complete system. The same holds for brachistochrones and catenaries.
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function
W -

1/X.

For any other work function the <x>
l families of brachistochrones,

due to W + h, become o l non-related natural families on S\

due to

86. In the case of catenaries due to W + h, the <*>
J

usually

non-related natural families corresponding on Si are clue to

Wji-Jt

Vx

Hence the only complete system of catenaries which is turned into a

complete system is defined by the work function*

87. Consider, for example, the conformal representation of

plane
z = x -f iy

= re
1 *

on the plane

Zl = Ji -f- %1 =: n^' 1

defined by
2 .>.. n
*1 z

where n is neither nor 1.

Here the squared ratio of magnification is

2(n-_l)

X= r
2^- - r/ n

* The three physical cases mentioned may be included in one general dis-

cussion by considering the' extremals of

JV'cfo
55
J (If + h)

ml*ds = minimum;

when m =
1, we have least action and trajectories; when m =

1, least time

and brachistochrones. For every value of m we obtain, by varying h, a sys-

tem of oo 3 curves. Cf. the general discussion of the systems * defined (for

arbitrary fields) in Chapter IV.
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Applying the theorems stated above, we find that the trajectories

generated by
W - f**-

go over into the trajectories of a new field

For brachistochrones the corresponding fields are

w

and for catenaries

The particular transformation z\ = z2, that is, n = 2, gives

rise to simple fields. Stating the results in terms of the law of

the central forces obtained, instead of the corresponding work

functions, we have:

The trajectories of a central force varying as r (that is, the

conies described about the center of force as center) become

the trajectories of a central force varying as rf* (that is, the

conies described about the center of force as focus).

The brachistochrones of a central force varying as r~3 become

the brachistochrones of a central force of constant intensity.

The catenaries of a central force of constant intensity become

the catenaries of a central force varying as rf171
.

88. Returning to the general conformal representation, we

observe that <x>
1 natural families forming a complete system of

trajectories can never become a complete system of brachis-

tochrones. For the trajectories on S due to W + h become <
l

natural families on Si, which, when regarded as brachistochrones,

are due to \/(W + A) ; and there is no work function which

reduces this expression to the form of a function of u y V plus a

constant depending only on h. Thus for a given (non-homothetic)

conformal transformation there is one system of trajectories
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which is converted into a system of trajectories, and one system

of brachistochrones which is converted into a system of brachis-

tochrones, but there is no system of trajectories which is converted

into a system of brachistochrones. The same is true for any
two of the three types trajectories, brachistochrones, catenaries

or of the infinite number of types described in the preceding

footnote (page 83).

89. As another application, consider the velocity curves con-

nected with a plane field of force whose work function is W(x, y).

For a given speed % we obtain oo 2 such curves, defined by
the property that the curvature at each point and direction

equals the curvature of a free particle starting out from that

point and direction with the speed t? . The differential equation

of this velocity system is

., (W. - y'W,)(l + y'
2

)

y _ __
.

This is recognized as a natural family; it corresponds to the geo-

desies of the surface whose first fundamental form is

dy
2
).

By varying t> we obtain the oo 1

velocity systems belonging to

the given field; they are pictured by the geodesies of co 1 surfaces.

Consider now a conforms! representation of the ary-plane

upon itself. This converts tic
2 + dy

2 into

where H(x, y), by known theory, is a harmonic function. We
thus obtain oo l new natural families corresponding to the geo-

desies of the oo * surfaces
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These o l natural families cannot usually be regarded as related

velocity systems for some new field: the requisite condition is

that W shall be the same as H except for a constant factor.

Hence for a given conformal transformation of the plane

(which is not merely a similitude), there is a unique complete

velocity system belonging to a conservative field of force which

is converted into a complete system. The unique work function

is

W = H =
log X,

where X denotes the squared ratio of magnifaction in the given

conformal representation. The fields obtained are Laplacian,

that is, satisfy the condition

Wxx + Wvv
= 0.

As an example, the transformation z\ = log z converts the

cc 3
velocity curves of the field W =

log r (in which the force

varies inversely as the distance from the origin) into the <x>
3

velocity curves of the field W\ = x\ (force vertical and constant).

90. It was shown above that conformal transformations are the

only point transformations which convert every natural family

hfo a natural family. Natural families are characterized by

piv>p*;'t:ies A and B of 31. It is of interest to notice that

property A by itself is conformally invariant. The most general

system having this property (that osculating circles constructed

at any point have another point in common) is what we have

termed a velocity system. We now prove that

The only point transformations which convert every velocity

system into a velocity system are the conformal transformations. ,

Consider say the three-dimensional case, where the general

velocity system is

" = y,
-

yV)(l + y* + z'), z" = (X -

The only curves which are common to all such systems must
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satis y
1 + y

4 + *'
2 -

0, y" - 0, z" = 0,

and are therefore the minimal straight lines of space. Since

the only transformations converting minimal lines into minimal

lines are conformal, we have the result stated. That conformal

transformations actually leave the velocity type invariant is easily

verified analytically*. The result is obvious synthetically (in

the case of more than two dimensions) since the conformal group

converts circles into circles and bundles of circles into bundles.

Hence if the original system possesses property A, the same will

be true of the transformed system.

9L It may be shown that, for any given non-conformal trans-

formation, there exists one and only one velocity system which

is converted into a velocity system.

92-94. CONTACT TRANSFORMATIONS

92. With each natural family, or, what is the same, with each

isotropic medium, there is associated a definite infinitesimal

contact transformation. This connection, which appears im-

plicitly in Hamilton's fundamental memoir of 1835, was worked

out in detail by S. Lie.f

If the index of refraction is v(x, y, z), the associated contact

transformation has the characteristic function

(l) K*,

where x, y, z, p, q are considered as the coordinates of a surface

element. If the one-parameter group generated is applied to

an arbitrary surface the resulting <x>
l surfaces form a wave set.

The trajectories or rays appear as the path curves of this group.

Lie showed that the category of transformations which thus

* Cf. American Journal of Mathematics, vol. 27 (1906), p. 213, for the two-

dimensional case.

t
" Die infiniteeimalen Bertthningstransformationen der Mechanik," Leip-

tiger Berichte (1889), pp. 145-153. A very elegant discussion, with new results,

is given by Veesiot, Bull. Soc. math, de Prance, vol. 34 (1906), pp. 230-269.
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appears, with a characteristic function of type (1), and which he

termed *'
the infinitesimal contact transformations of mechanics,"

is distinguished geometrically by the fact that the so-called*

transversality relation reduces to orthogonality.

93. The following simple and easily proved theorem appears

to be new.

The alternant (or Klammerausdruck of Lie) of the contact trans-

formations associated with any two media is always a point trans-

formation.

94. Here we are dealing with two natural families in the same

three-dimensional space. In connection with the most general

problem of dynamics (page 70), spaces of any dimensionality must

be considered, with arbitrary variable curvature. The space

depends on the quadratic form defining the kinetic energy:

this determines the quadratic expression appearing under the

radical in the generalization of (1). The potentialf determines

the factor v which may be any point function. The general

theorem is then as follows:

The alternant of the contact transformations associated with two

dynamical problems (or naturalfamilies) mil be a point transforma-

tion when, and only when, tlie two expressions for the kinetic energy

are either the same or differ by a factor (which may be any point

function) ; the two potential energies remain entirely arbitrary.

In particular, if any two natural families are constructed in

the same space (which space is entirely arbitrary), the alternant

will be a point transformation.

For a detailed discussion of the two-dimensional case, in-

cluding a number of converse results, the reader is referred to

the author's paper, cited in the first footnote below.

* Lie does not use this term. The author borrows it from the closely

connected problem in the calculus of variation. See "The infinitesimal

contact transformations of mechanics/' Bull. Amer. Math. Soc., vol. 16 (1910),

pp. 408-412.

t Hero considered as including the energy constant fc, which is fixed, since

we are dealing with a natural family.
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95-97. A GROUP OF SPACE-TIME TRANSFORMATIONS

95. In the fundamental transformation of the relativity theory,

known as the Lorentz transformation, the position coordinates

xy y, z and the time coordinate t are merged: the new position

and the new time appear as functions of both the original position

and the original time. The Lorentz group is composed of the

linear transformations of the four variables x, y, z, t which leave

invariant the quadric

Its importance is due to the fact that it leaves unaltered the form

of the Maxwell equations.

We consider in this section an entirely different group of space-

time transformations, depending on arbitrary functions instead

of arbitrary constants. It arises in connection with ordinary

(newtonian) dynamics in the theory of forces depending on the

time as well as position.

We confine the discussion for the sake of simplicity to the case

of two dimensions. What transformations .of the three vari-

ables x, y, t will convert any set of equations of the form

(i)
- *(*, y, 0, - *(*> y,

into another set of the same form? An arbitrary transformation

would produce equations representing a force depending, not

only on x, y, t, but also on the velocity dxfdt, dy/dt. The problem
is to find those peculiar transformations which do not introduce

the velocity in the .final equations. The result is as follows:

The only space-time transformations which convert every space-

time field of force into a space-time field are those of the form

(2) ti
- /(O, *i = (ax + by) flO + 0(0,

The group thus involves three arbitrary functions /(<), g(t) t h(f) as

well as four arbitrary constants a, b, c, d.
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96. Another representation of the same group, which has the

advantage of avoiding radicals, is

- {X(0}
2
,

x l =(ax

When such a transformation is applied to equations (1),

the new equations are found to be

= (XX

(XX
- 2X2

)(c* + <fy) 4- X*(<v + <W + X? -

Of course the original variables x, y, t are here to be replaced by

their values in the new variables x\> y\, t\.

97. The transformation converts the space-time curves of the

original force into the space-time curves of a new force. Of

course it is not a point transformation of the a#~plane, so it does

not, as was the case for the Appell transformation (page 76),

convert trajectories into trajectories. These remarks apply even

in the special case where the force is positional. Consider, as

a simple example, the transformation

xi = xet, yi
= ye

1

,

applied to the equations

* - x, $**y.

The transformed equations are found to be

*i = 0, yi = 0.

The first field is central, the force varying directly as the distance,

so that the trajectories are >
s conies with the same center.

The second force is everywhere zero, so the trajectories are

merely oo* straight lines.



CHAPTER IV

CONSTRAINED MOTIONS IN A FIELD. GENERALIZATION OP
THE TRAJECTORY PROBLEM INCLUDING BRACHIS-

TOCHRONES AND CATENARIES

98-114. SYSTEMS Sk DEFINED BY P = kN

98. In connection with a field of force, the only curves usually

studied are the lines of force and the trajectories. In the plane

the lines of force form a simply infinite system, and the tra-

jectories a triply infinite system. The former system has no

peculiar properties, since any set of oo l curves may be regarded

as the lines of force in some field, in fact in an infinite number of

different fields. The triply infinite system of trajectories has

peculiar properties which have been discussed in Chapter I.

Other noteworthy systems of curves are connected with the field,

for example, brachistrochrones, catenaries, velocity curves, and

tautochrones.

99. Omitting the tautochrones, the other three systems named,

together with the trajectories, may all be obtained as special cases

of this simple general problem: to find curves along which a con-

strained motion is possible such that the pressure is proportional

to the normal component of the force.

100. If an arbitrary curve is drawn in the plane field of force,

find the particle, of say unit mass, is started along it from one

of its points with a given speed, the constrained motion along

the given curve is determined. The acceleration along the curve

is given by T, the tangential component of the force vector.

So the speed at any point is determined by

(1) # -
fids.

The pressure P (of course normal to the curve, since the curve

91
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is considered smooth) is given by the elementary formula

(2) P = * - N.

If we increase the initial speed, the effect is to increase u2 by a

constant c; and hence P changes by the addition of a term of the

form c/r.

101. If the given curve is a trajectory, the initial speed may be

so chosen that the pressure vanishes throughout the motion;

that is, trajectories may be defined as curves of no constraint.

Of course, if a different initial speed is used, P will be of the form

c/r; but, as regards the curves, they are completely characterized

by P = 0.

102. If the given curve is a brachistochrone and if the motion

along it is brachistochronous, Euler proved (assuming the force

to be conservative) that the pressure was double the normal

component of the acting force and opposite to it in direction,

that is, P = 2N. If the force is not conservative, the real

brachistochrones, as defined by a problem of the calculus of varia-

tions, form a quadruply infinite system. The curves defined by
the property P = 2N then form a triply infinite system of what

should be called pseudo-brachistochrones. These curves are

really brachistochrones only in the conservative case. No

ambiguity however will arise by terming the system here con-

sidered brachistochrones instead of pseudo-brachistochrones.

103. The general problem suggested is to find curves such that P
shall be proportional to N. So P = kN. To a given value of

k there correspond oo 8 such curves: the system so obtained will

be denoted by S*. The four special cases of physical interest are

as follows:

k SB
gives So, the system of trajectories]

k = 2 gives S-2, the system of brachistochrones;

k = 1 gives Si, the system of catenaries;

k = oo gives Sw , the system of velocity curves.
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104. The last case requires a justification in terms of limits

which is easily carried out analytically.

105. The third case follows from the known fact that when an

inextensible flexible homogeneous string is suspended in any

field of force, the resulting form of equilibrium, called a catenary

in the general dense of the term, has the dynamical property

that when a particle, started out with the proper initial velocity,

rolls along the curve, the pressure at any point equals the normal

component of the force: that is, catenaries are defined by P = N,

corresponding to k = 1.

106. Of course a triply infinite system S* exists for any value

of the parameter k. The differential equation of the system,

in intrinsic form, is easily obtained by eliminating v from the

equations

(3) #/r - (k + 1)N, w. = T.

The result is

(4) tfr.

where

(40 n

We may readily find various properties from this intrinsic

equation, but in order to obtain a complete set it is necessary to

have recourse to the equivalent equation in cartesian coordinates

(*
-

yW" -
!*, + (*,

This obviously reduces to the familiar trajectory equation of 1

when n = 2, corresponding to k = 0. Brachistochrones cor-

respond to n = 2, catenaries to n = 1, velocity curves to

n= 0.

107. We now state the characteristic properties of a system of

the above type for any value of n, that is, any value of k.
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Characteristic Properties of the System Sk

Property 1. For any given element (x, y, y') the foci of the

osculating parabolas of the single infinity of curves determined

by the given element lie on a circle passing through the given point*

Property 2. At any point the tangent of the angle which the

focal circle makes with the given element is to the tangent of

the angle which the given element makes with a certain direction

fixed at (the direction of the acting force) as 3 is to n + 1,

that is, as 3fc + 3 is to k + 3.

Property 8. Through a given point there pass a single infinity

of curves admitting hyperosculating circles of curvature; the

centers of these circles lie on a conic passing through the given

point in the direction of the force vector.

Property 4* The normal at the given point cuts the conic

described in property 3, at a distance equal to n + 1, that is

(k + 3)/(fc + 1), times the radius of curvature of the line of

force passing through 0.

Property 5. This is of the same form as property V ( 3)

obtained in the discussion of trajectories, the number 3 being

replaced by the number n + 1. In the notation of page 11

(n+l)co
2
~

"

. 108. The special case where n equals 1, that is, the system

fiLa, is exceptional and requires a separate discussion; but as

we do not need the results, this case is omitted.

109. While the properties corresponding to different values

of k are analogous, they are of course not identical. The first

property is common to all the systems. But the second property

involves the parameter k. Thus, while for trajectories the con-

stant ratio that appears is 1 (bisection), it is 3 for brachisto-

chrones, 3/2 for catenaries, and 3 for velocity curves. Not only

are the triply infinite systems Sk, corresponding to different

values of k, distinct in any given field of force, but also no two
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systems arising in two distinct fields can ever coincide. For

example, if a certain system of oo 3 curves arises as trajectories

in one field, it cannot also arise as catenaries in either the same

or another field.

110. If we combine all the systems S*, in a given field (<p, ^),

we obtain a quadruply infinite system which we now proceed

to study. - The differential equation of the fourth order defining

this system is readily obtained by eliminating k from the equation

of Sic. It is more convenient to carry this out in terms of in-

trinsic quantities, using either the radius of curvature and its

first and second derivatives with respect to the arc, quantities

denoted by r, ra , raa , or else the radius of curvature together with

the radii of the first and second evolute, quantities which we

denote by r, r\ 9 r<>. The two sets of quantities are equivalent,

being connected by the relations r\
= rra ,

r2 = r2raa + rra
2

. The

equation of the quadruply infinite system may then be put, using

the notation of 2, into the form

Nr. + M r =
~ ,

N

This may be written in either of the forms

where the j8's are functions of x, y, y'.

111. We notice first that r2 is quadratic with respect to fi.

Hence for given values of x, y, y
r

, r, that is for a given curvature

element, the oo * curves of the system have the property that the

locus of the third center of curvature is a parabola with axis

parallel to the fixed radius of curvature, that is, perpendicular

to the initial direction y
f
.

112. An equivalent statement is this: If for each of the curves

we construct the osculating conic (five-point contact), the locus
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of the centers of these conies is a conic passing through a given

point in the given direction. It is perhaps worth while to restate

this, so far as it concerns the four special cases of physical interest,

as follows: In any plane field of force select any fixed element of

curvature; corresponding to the initial values of x, y, y' and r so

given, construct the unique trajectory, unique brachistochrone,

unique catenary, the unique velocity curve, and the respective

centers of the osculating conies; the four centers so found and

the given point (x, y) will lie on atonic passing through the latter

point in the given direction y'. (Cf . the first footnote on page 98.)

113. Keeping the curvature element fixed and varying the

parameter k, the value of rt or, what is equivalent, of r\, varies

linearly. As above, let n denote the fraction 2/(k+ 1); then if

values of n forming an arithmetic progression are selected, the

corresponding values of TI also form an arithmetic progression.

The successive differences in the values of r\ corresponding to

the case of trajectory, brachistochrone, catenary, and velocity

curve are proportional to 4, 3, 1.

114. If in the system Sk we keep x, y, y
f

fixed and vary r, two

limiting cases of interest arise. First, if r becomes infinite, then

r, is also infinite, and the limiting curve obtained is a straight

line. In fact the oo 2
straight lines of the plane form part of

every system Sk.

On the other hand, if r approaches zero, then r9 approaches a

definite limit

Remembering that the tangent of the angle of deviation is one

third of fj, we may state the result obtained as follows: In any

system Sk if we take any lineal element and let r approach zero,

the tangent of the corresponding angle of deviation is to the

tangent of the angle which the force vector makes with the normal

to the given element in the fixed ratio of n+ 1 to 3. The special

values of this ratio for the four special systems of physical

interest are respectively 1, 1/3, 2/3, 1/3. In the case of tra-

jectories, it is noteworthy that the limiting position of the axis



ASPECTS OF DYNAMICS. 97

of deviation coincides with the direction of the force acting at

the given point.

115-116. CURVES OF CONSTANT PRESSURE

115. We now consider a second simple generalization of the

problem P =
0, defining trajectories. We consider, namely,

curves corresponding to P =
c, where c denotes any constant.

The curves obtained may be termed curves of constant pressure :

only along such a curve is a constrained motion of a particle

possible such that the pressure against the curve remains constant.

For a given value of c a system of oo 3 such curves is obtained,

whose intrinsic equation, found by differentiating the relation

P == t?/r
- N =

c,

is

(c + N)r8
= 37- 31.

We see that this system for any value of c retains property I of

the system of trajectories. Omitting the discussion of the higher

properties of these triply infinite systems we consider the quad-

ruply infinite system whose differential equation, found by elimi-

nating c, may be written in either of the intrinsic forms

(9tr
2 -

33Tr)rM = (2r9l
-

T)r* + [9V2 + (SR 2
-

r(3lr
- 37>2

= (3r9t
- 47>i2 + [9V + (9t 2

-

This gives the totality of oo 4 curves of constant pressure defined

by a given field.

As regards special cases of interest, we note, in addition to

c = 0, giving trajectories, the case c = oo which gives r8 = 0,

defining circles; hence for any field of force the oo 4 curves of

constant pressure include the oo 3 circles of the plane, which arise

in fact as curves of infinite pressure.

116. The quadruply infinite system which here arises, as well

as that obtained in the previous problem P = kN, comes under

15
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the category represented by a differential equation of the type*

y = Ay'"
2 + By'" + C.

It therefore enjoys the property, previously stated in the other

problem (112), that the locus of the centers of the osculating

conies corresponding to any element (x, y, y', y") is a conic

touching the element (a:, y, y
f

). Of course, since the forms of

A, B, C in the two problems are quite distinct, the systems are

distinguished in their higher properties.

117-118. TAUTOCHRONES

117. Tautochrones are not included in either of the previous

problems. They are not distinguished by any simple law of pres-

sure. f The condition for a tautochrone is that the resulting con-

strained motion of a particle along the curve be harmonic, that is,

(i) r-t(-* ),

where & is a constant (which is negative for actual and positive

for virtual tautochrones) and s * denotes the arc reckoned

from a fixed point of the curve, the center of the tautochronous

motion. From this

(2) T -

and hence, by expansion, the general equation of the system of oo 8

tautochrones in any field is\

(3) #ff =^,1 +(,+ ),_ T,

where the notation is that of 2.

* This type (noteworthy in that it unifies many distinct mathematidal and

physical problems) first presented itself in the author's study of "Systems
of extremals in the calculus of variations," Butt. Amer. Math. Soc., vol. 13

(1907) , p. 290 : the extremals of any integral of thesecond order
Jf(x, y, y* t y")dx

form a system of that type. In these lectures other physical problems leading

to species included in this type are treated in 110, 135, 137.

t It may be shown that during any tautochronous motion

P - k(s - .)/r - N.

t
" Tautochrones and brachistochrones," Butt. Amer. Math. Soc., vol. 15

(1909), pp. 475-483.
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We see that r, is a quadratic function of r, and not a linear

function as in the case of trajectories and the other systems S*.

For a discussion of the geometric properties of tautochrones, we

refer to the dissertation of H. W. Reddick.*

118. There is no field in which the tautochrones coincide with

the trajectories, or with any of the systems S*, in either the same

or some other field, except for the case k = 2 corresponding

to brachistochrones. The classical work of Huygens and J.

Bernoulli showed that for a uniform field the system of tauto-

chrones is identical with the system of brachistochrones. The

author has shown that the only other field where such duplication

occurs is that in which the force is central and varies directly

as the distance. The only case of duplication in two distinct

fields is as follows: The tautochrones of the field <p
=

0, \l/
= y

coincide with the brachistochrones of the field <p
=

0, ^ = t/"~
3

.

The particular fields arising in this duplication problem are in-

cluded in the interesting class of fields, involving eight parameters,

characterized by the vanishing of the element function T\.

For such a field rf , according to (3), becomes linear in r, and hence

the oo 2
straight lines of the plane are included in the system of

tautochrones. f

118'. Each of the oo 3 tautochrones in a given field has asso-

ciated with it a certain time of oscillation, determined by the

value of the constant k in (1). To each value of the period, that

is, to each value of k, corresponds a certain family of oo 2 tauto-

chrones, whose differential equation, in implicit form, is

r(k -Z) = N,

or, expanded,

(*
- yW' - *d + /) -

(v, + (*, + *.)*'+ */}.

We pass over the easy geometric interpretation; and note merely

the special family, corresponding to the value k = 0, for which

* Amer. Jour, of Math., vol. 33 (1911).

t The corresponding problem in space is treated in Reddick's paper and

gives a class of fields involving twenty parameters.
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the period is infinite. This separates the actual from the virtual

tautochrones.

119. NON-UNIFORM CATENARIES

119. It is a familiar fact that vertical parabolas appear in

elementary dynamics in two distinct discussions; first, as trajec-

tories of a cannon ball, and secondly as forms of equilibrium of

a chain in which the mass (or load) of any element is propor-

tional to the horizontal projection of that element. Here the

force is ordinary gravity. Tlie question arises whether any other

fields of force give rise to a like duplication.

We first consider the following general problem of non-uniform

catenaries. If a flexible string or chain, in which the mass of

any element of length is proportional to some given function p of

x, y, y', is suspended in a positional field, the possible forms of

equilibrium are defined by the equation

Nr, = 2I
1 -

(1 + /)tf/V -'{ + tt + /rWfc + y'M*)}-

This represents the co 3 non-uniform catenaries for a give? field

<p(xy)> t(xy) and a given density law ^(.r, y, y'), where /u denotes

logjtx-

On the other hand, the trajectories in the given field are defined

by the equation

Our problem then is to find those fields for which the two

systems described coincide. The result obtained is that the field

must be central or parallel. The detailed result is as follows:

In any central field of force the o 3
trajectories may be also

obtained as catenaries by loading the chain so that its density is

proportional to the perpendicular dropped from the center to

the tangent line. In the more special case where the field is

parallel, the density is proportional to the sine of the angle

between the element of the curve and the force.
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It is easy to obtain analogous comparisons between brachisto-

chrones and catenaries. In this case the density must vary

inversely as the cube of the perpendicular dropped from the

center (or of the sine of the angle referred to above). For

example, in the case of gravity the vertical cycloids which appear

as brachistochrones may be obtained as catenaries by causing

the load Applied to any element to vary inversely as the cube of

its horizontal projection.

All the results may be included in a generalization found by

comparing the non-uniform catenaries with the systems denoted

by Sk in 103. The density must vary as the (n l)th power
of the perpendicular, where n is the number defined on page 93.

The field is necessarily central or parallel.



CHAPTER V

MORE COMPLICATED TYPES OF FORCE

120-122. MOTION IN A RESISTING MEDIUM

120. We consider the motion of a particle moving 'a the plane

under a positional field of force and influenced by a resisting

medium, the resistance acting in the direction of the motion and

varying as some function of the speed v*. The equations of

motion will then be of the form

(1) * = <p(x, y) + */(), y - *(x, y) + *

where the resistance R is equal to

R = /().

The differential equation of the trajectories is found to be

(*
-

yW" - I*. + y'(+v
-

ft)
- /ftl

where the argument t> of / is to be expressed in terms of x, y,

y', y" by means of

7'

Consider now the oo 1
trajectories starting from a given element

(Xy y, y'). The focal locus, that is, the locus of the foci of the

osculating parabolas, varies in shape with the function /, that

is, with the law of resistance.

We know that, if there is no resistance, property I of 3 holds,

that is, the focal locus is a circle passing through the given point.

Are there any resisting media for which this property is pre-

served? A simple discussion shows that there are, the appro-

102
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priate media being those for which R is of the form Av* + B.

For such media, property II will not usually be fulfilled; in

fact the only medium preserving the properties I and II is that

in which the resistance varies as the square of the speed.

If we impose also property III, both A and B must vanish,

that is, the resistance vanishes and the force is purely positional.

It is of interest to examine the case where the resistance varies

as any power vn of the speed. The differential equation of the

trajectories is then of the form

y'" = ay" + by"* + cy"",
where

m = f(4 n).

The focal locus is a curve whose inverse with respect to the given

point is

This becomes a straight line (as in the case of no resistance),

when m is 1 or 2, that is, when n is 2 or 0.

The curve is a conic when m is 3 or or 3/2, that is, when n has

one of the values 2 or 4 or 1. When n 2 the conic is a

parabola with its axis parallel to the given element. When
n = 4 it is a hyperbola, asymptotic to the line of the given initial

element. When n = 1 it is a parabola touching the initial line

(not at the given point).

121. We now state briefly the corresponding results in ordinary

space. No matter what the law of resistance is, property I

(of the set of four properties for space given in 11) is fulfilled;

for the osculating planes necessarily pass through the force

vector. The only laws for which property II is preserved are

those included in

R = A# + B.

If property-III is also to be preserved, the resistance must vanish.

122, The results may be derived easily from the intrinsic

equations

(3) t>* - rN, w. - T + R,
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obtained by taking components of the acting forces along the

normal and tangent to the trajectory. The geometric equation,

resulting from the elimination of v, is of the form*

(4) Nra
= -rM + 3T+2R.

This gives the relation between ra (the rate of variation of r

with respect to s) and r (the radius of curvature). The resistance

R, which is given as a function of v, is here to be expressed in

terms of r by means of the first of the relations (3). If prop-

erty I, of plane trajectories, is to hold, ra must be a linear integ-

ral function of r; this will be the case not only when R vanishes,

but also, as stated above, when it is of the form Av* + B.

123-126. PARTICLE ON A SURFACE

123. The motion of a particle on any constraining surface

x <p(u, v), y = ^(u y v), z = x(w, t>)

under any positional forces may be investigated most simply by
means of the Lagrangian equations

d / u L \ d * ci I u L \ u L
I I == TT I I

_ .
T7>

dt \ du J dv
'

dt \ dv ) dv

ttheoe T is the kinetic energy

2T
7 = Ev?+ 2Fuv+ Git*

and [7, V are the components of the force given as functions of

uy fl.f The explicit equations of motion are of the

u =

* From this we may obtain the following dynamical result : If a particle

starts from rest, the initial radius of curvature of the trajectory is to the

radius of curvature of the line of force passing through the initial point as

3 T \- 2R is to T. When R vanishes we have the simple result previously

stated.

] See for example Whittaker, Analytical Dynamics, p. 390, and Hada-

mard, Jour, de Math. (5), vol. 3, p. 331.
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where $, ^ define the force and the ^4's and JB's are functions of

U, v depending only on the given surface.

124. We observe that here u, v depend not only on the position

u, v but also upon the velocity u, v. Hence the motion in the

w?-plane corresponding to the actual motion on the Surface

is not usually generated by any positional force in that plane,

The only exception arises when the A's and the B's vanish

identically: this is the case only if the given surface is develop-

able, and if its representation on the no-plane differs from its

development on the plane by at most an affine transformation.

Another problem including this as a special case is to deter-

mine when the motion in the wfl-plane can be regarded as due

to a positional forc$ together with a resistance acting in the

direction of the motion. The condition for this is

A^i)
2 u

Expanding, we find four conditions on the six functions A, B,

which turn out to be precisely the conditions that the geodesies

of the surface shall be pictured by straight lines, a result which

may be proved directly. Hence the only case in which the

motion on the surface is pictured in the ?/z?-plane by a motion

due to a positional force together with a resistance depending on

the velocity components and acting in the direction of the motion,

is that in which the surface has constant curvature and the rep-

resentation is geodesic.

125. We proceed with the general equations of motion. If

we eliminate the time, we obtain the differential equation of the

third order defining the <*>
3
trajectories in the form

(# - t>'*)t>'"
=

{S +M + 52 i?'

2 + * + S4t>'
4 + hi*}

where the coefficients are functions of uy v. We confine our-

selves to the observation that the picture curves in the uv-
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plane cotae under the type

where the coefficients are lineal-element functions: the focal locus

is thus not a circle, but a special quartic. Hence if we consider

the oo l
trajectories on the surface obtained by starting a particle

at a given point in a given direction with different speeds, the

picture curves in the wr-plane have osculating parabolas at the

common point whose foci lie on a special quartic curve.

126. What is the simplest property of the actual trajectories

described on the surface? What is, in particular, the locus of

the osculating spheres of the oo l
trajectories considered?

To answer this we take our surface not in parametric form, but

in the explicit form

* - /(*, !/)

We may take the given point as origin, the tangent plane as the

xy-plane, and the fixed initial direction as that of the axis of x.

We find, by differentiating the equation of the surface and making
use of y'

- 0, *' = 0, that

where a, 6, c are constants, equal respectively to the values of

the partial derivatives /**, /*, 4/*y at the origin. Again, from

the general equation of the trajectories, we have a relation of the

form

y'"
. a + /ty" + 7y"'.

The center of the osculating sphere of the trajectory is then

*'" & + ey"

-y'"

y'Y" - aV? y"(b + cy")
-

a(a
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Here y" enters as parameter, varying from curve to curve:

eliminating it, we find the locus, lying in the plane X 0, to be

aP + /3F(1
- aZ) + 7(1

- aZ)
2 + Z[bY + c(l

-
aZ)} - 0.

Hence for any positional force on any surface, the oo 1
trajectories

starting from a given lineal element of the surface hate osculating

spheres, at the common point, whose centers lie on a (general) conic

in the plane normal to the element.

This conic passes through the center of curvature of the normal

section of the surface determined by the given element. If the

element is in one of the principal directions of the surface, the

conic touches the normal to the surface.

127-130. THE GENERAL FIELD IN SPACE of ^DIMENSIONS

127. Any dynamical system with n degrees of freedom may be

represented by a particle in space of n dimensions. For example,

an arbitrary rigid body in ordinary space is represented by a

particle in six-dimensional space, and the astronomical problem

of three bodies in the most general case leads to a representative

particle in space of nine dimensions.

For conservative forces, or natural families, the general dis-

cussion for any dimensionality has already been given ( 69).

We shall not attempt a complete discussion for arbitrary posi-

tional forces (corresponding to that given in Chapter I for two

and three dimensions). The equations of motion for an arbi-

trary field are

We confine ourselves to the simplest questions. If the initial

position and initial direction are kept fixed, and only the initial

speed v is varied, what are the properties of the oo l

trajectories

obtained? The simplest geometric result is that rf (the rate of

variation of the radius of curvature with respect to the arc

length) varies as a linear function of r. The locus of the centers

of the osculating spheres is 3 qtraight line, just as in the case

where n is three.
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128. A general curve in n-space has at each point an osculating

plane, an osculating 3-flat, and so on up to an osculating (n 1)-

flat. It is obvious that our oo 1

trajectories have the same os-

culating plane since this is determined by the given initial

direction and the direction of the force. It can be shown that

the osculating 3-flat is also fixed; the 4-flat varies, generating a

pencil; the 5-flat varies, generating a quadratic system; and so

on, with more complicated variations.

129. Consider next the connection between the various cur-

vatures and the speed.

In the plane (n = 2) there is only one curvature 71, and this

varies inversely as the square of v.

In space (n = 3) the first curvature 71 varies as above, and

the second curvature or torsion 72 remains fixed.

If n 4, we have three curvatures. The laws for y\ and y%

are as above, while

^3 - Ci + C2tT
2
,

where c\ 9 c% are constants (depending of course on the given

initial lineal element).

If n = 5, we have 71 = atr2, 72 *= b (these forms are valid

for any dimensions) and

73 = d + C21T
2

d< + dtf +
If n = 6, 7$ remains the same, the numerator in 74 is replaced

by the square root of a polynomial involving fl
8
, and 75 is given

by a rational formula.

It is easy to write down the general formulas for the n 1

curvatures in n space. All except the first, second, and the

last are irrational. These results are to be regarded as general*

izations of the elementary fact (included in the formula for

centrifugal force t^/r), that the ordinary curvature varies as tr1.

130. By eliminating v from any two of the formulas, we can

obtain purely geometric results. For example, in space of four

dimensions, 73 * A + Byi, where A and B depend only on the
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common initial element. But in higher spaces

73 =

This is the form required in particular in the application to the

problem of three bodies, since the representative space has fiine

dimensions.

131-132. INTERACTING PARTICLES IN THE PLANE AND IN

SPACE

131. We consider the motion of n+ 1 particles, denoted by

My JJ/i, -, 3fn , moving in the plane under the action of any

forces depending on the position of the particles. The dif-

ferential equations of motion are then of the form

y =

y\ = ti(x, y, *i, y\, ,
xn , yn),

and so on, where the masses which cannot be assumed to be

unity as in the case of a single particle are absorbed with the

forces in the right hand terms. From these equations the fol-

lowing properties may be deduced.

(1) Given the phases of M\, , and the position and the

direction of M, a set of oo l

trajectories of M is determined (one

for each value of the speed) . The foci of the osculating parabolas

lie on a special quartic curve whose inverse with respect to the

given point is a parabola tangent to the given initial line (the

point of contact, however, is usually not the given point).

(2) If the speed of one of the remaining particles, say M\, is

varied, all the other initial conditions being unaltered, the

parabolic locus just obtained varies. Its point of contact with

the initial line remains fixed and all the oo 1

parabolas, one for

each value of the speed, are homothetic with respect to the point

of tangency.
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(3) The normal constructed at the common point of tangency

cuts the parabola again at a distance d which varies in such a

way that the square root of d can be expressed as a linear com-

bination of the square roots of the radii of curvature of the cor-

responding trajectories described by the particles M\ 9 , Afn .

(4) If we preserve the phases of the particles M\, ,
Mn,

then, for each initial direction y' of M, we obtain, by (1), a

certain parabolic locus. Consider the relation between the

axis of this parabola and the initial direction. It is found that

the initial direction y
f

always bisects the angle between the

direction of the force acting at the given point and the direction

of the axis of the parabola.

(5) Furthermore, the point where the parabola touches the

initial line describes, when j/' varies, a quartic curve whose

inverse with respect to the given point is a conic passing through

that point in the direction of the force.

It is to be observed that the statement (3) about the variation

of d simplifies considerably in the case of two particles (that is,

n = 1). In that case d varies directly as the radius of curva-

ture of the trajectory described by M\.

132. A few corresponding results for the case of any number

of particles moving in space are as follows: If the speed of M
is the sole arbitrary parameter, the oo 1

trajectories of M have

the same osculating plane; the torsion varies according to a

linear integral function of the square root of the curvature; the

locus of the centers of the osculating spheres is a cubic curve of

special type.

If we assign the phases of all the particles except MI and assign

the position and direction of M\ 9 then the speed of M\, or, in

consequence, the curvature of the trajectory described by Mi,

is the only arbitrary parameter. There will then be oo 1 corre-

sponding trajectories described foy M. These will of course start

from the same point in the same direction with a common os-

culating plane and a common curvature, that is, they all have

contact of the second order. The torsion varies and so does the
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center of the oscillating sphere. The simultaneous variation is

controlled by the law that the distance from the center of the os-

culating sphere to the fixed center of curvature varies as a linear

integral function of the radius of torsion. An equivalent state-

ment is that the rate of variation of the radius of curvature

per unit of the arc is expressed by a linear integral function of

the torsion.

All these results apply in particular to the three-body problem.

The present application is more concrete than that indicated in

130, since no higher space is here introduced.*

133-141. FORCES DEPENDING ON THE TIME. TRAJECTORIES

AND SPACE-TIME CURVES

133. Hitherto the force has been assumed to be independent

of the time; now we consider the generalization where the force

depends in any way upon the time as well as the position. Take

the case of a particle moving in the plane; the equations of motion

are then of the form

(1) * - <p(x, y, 0, - *(*> V, t).

From these, by differentiation and elimination, we may derive

(2) y"'-Py" + ty'
|i

+JZy"
i
f

where the coefficients are functions of x, y, y', i, namely,

D

If we are given the initial time, position and direction, that is,

the initial values of t, x, y, y
f

, there will be a certain set of oo
1

* Since the forces in the three-body problem are conservative, we may
decompose the motions into natural families, and interpret each family in a

flat space of eight dimensions. The circles of curvature at a given point will

meet again; eight of them will be hyperosculating, and these will be mutually
orthogonal. Cf. 70.
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trajectories, one for each value of the initial speed. The follow-

ing properties are obtained:

(1) We find that the focal locus (that is, the locus of the foci of

the oo l
osculating parabolas) is a quartic curve whose inverse with

respect to the given point is a parabola which is tangent to the

given direction line (the point of contact is not usually at the

given point).

(2) As y' varies (x, y, t being h'eld fixed) this point of contact

describes a cubic curve whose inverse is a conic passing through

the given point in the direction of the force.

(3) The initial direction of y' bisects the angle between the

direction of the force and the direction of the axis of the parabola

described in (1).

134. The total system of trajectories, for all initial conditions,

consists of oo 4 curves. Only in the case where the force does

not depend upon the time does the system consist of oo 1 tra-

jectories. In the properties stated above, the initial time is

kept fixed. In a certain sense then the results are not purely

geometric: they would not appear in a photograph of the complete

system of trajectories. This system will be represented by a cer-

tain differential equation of the fourth order; but it is not possible

to carry out the requisite eliminations in explicit form, and hence

the derivation of purely geometric properties involves essentially

new difficulties. A complete characterization is however ob-

tained, by projection from space curves, in 136, 140.

135. There is an interesting special case in which the elimina-

tion can be carried out: namely, the problem of the motion of a

particle of variable mass in a positional field of force. The time

then appears only through the mass, so the equations of motion

are of the form

(3) /(O* - 9(*> 0), /(*)
- *(*, 1).

As the result of the elimination is complicated, we shall here

consider only the case where the function /((), representing the

mass, is of one of the special types f
4
, <*, e1

, (log <)* The equa-
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tion of the fourth order representing the trajectories is then

found to be of the form

(4) y = Ay"* + By'" + Cy

where A, B, C involve only x, y, y' 9 y".

We see that the fourth derivative is a quadratic function of the

third derivative. This category of equations of the fourth order

arises in a number of different connections, in particular in the

inverse problem of the calculus of variations, as stated in 116.

The characteristic geometric property may in the present case

be stated as follows:

If the particle, whose mass varies according to one of the four

laws stated, is projected into a field of force from a fixed initial

position in a fixed direction at different times, with the initial

speed for each time so adjusted as to cause the initial curvature

of the trajectory to have a fixed value, and if for each of the

oo l

trajectories thus obtained we construct the osculating conic

(having five-point contact), the locus of the centers of these

conies is a conic passing through the given conic in the given

direction.

Of course not every system of oo 4 curves having this property

can be regarded as a trajectory system corresponding to equations

of motion of the form considered. We do not, however, attempt

a complete characterization.

136. Space-time Curves. When we integrate the equations

of motion, either in the special case where the forces depend only

on the position

(l') * = #>(*, y), y = ^(*, y),

or in the general case where the force depends also on the time

(l) * = v(x, y, 0, y = t(x, y, t),

we obtain x and y expressed as functions of t and four constants

of integration. If we represent t by an ordinate perpendicular

to the ary-plane, thus considering x, y, t as rectangular coordinates

16
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in space, we obtain a certain system of oo 4 curves in that space
which we designate as space-time curves.*

If we project these curves orthogonally on the ay-plane, we
obtain the trajectories. In the general case (1) there will be

oo 4 of these trajectories; but in the special case where the force

is positional, only oo 3
trajectories arise, since the system of space-

time curves, whose number is still oo 4
, now admits the group of

translations along the /-axis.

If we project the space-time curves orthogonally on the xt

plane and on the yf-plane, we obtain in each case a system of oo 4

plane curves.

What are the properties of the system of oo 4
space-time curves?

The following two properties are characteristic:

(1) . The osculating planes of the oo 2
space-time curves through

a given point go through a fixed line parallel to the ary-plane.

(This line is parallel to the direction of the force acting at the

projected point in the zy-plane.)

(2). If the oo 2
space-time curves through the given point are

orthogonally projected on any plane perpendicular to the xy-

plane, the oo 2
plane curves obtained are such that those which

have the same tangent also have the same curvature.

Another complete characterization may be given as follows:

(3). If the oo 2
space-time curves through a given point are

orthogonally projected on either the orf-plane or the yf-plane,

the oo 2
plane curves obtained have their centers of curvature

located on a special cubic of the form <
3= a(a?+f) or P= 6(y

2+<z
).

A Corresponding cubic locus will then necessarily arise by pro-

jection on any plane perpendicular to the ay-plane.

* It may be remarked that if, in problem (1), the force is multiplied by a

constant c (or, what is equivalent, the mass of the particle is multiplied by
1/c), a distinct system of oo 4

space-time curves will be obtained. The totality

of oo* space curves, thus related to the oo* plane problems

x =
c<p(x, y, 0, y - c*(*> V, 0,

may be generated as trajectories in a three-dimensional positional field of

force. The oo* curves have the four characteristic properties of a space

system ( 11) and the further peculiarity that the direction of the force is

parallel to the xy-plane.
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137. Consider the oc 4 curves in say the .rt-plane. These are

the curves representing graphically the relation between the

abscissa x and the time t. By eliminating y from the set (1),

we obtain a relation of the form

x = Ax* + Bx + C,

where A, B, C involve only x, x, x and the independent variable

t. The fourth derivative is thus always quadratic with respect

to the third derivative. Hence, by 116, we have this result:

In the a^-plane (or, more generally, in any plane perpendicular

to the plane xy in which the motion actually takes place), the

oo l curves having any element of curvature in common are such

that the locus of the centers C' of their osculating conies (con-

structed at the common point) is a conic passing through the

common point in the direction of the common tangent.

As indicated above, the oo 4 curves in the a:y-plane, that is, the

trajectories, do not usually enjoy this simple property. Even

in the case where the time enters only through the mass, the

locus of the centers of the osculating conies may be of any

degree of complication. Its shape depends on the law of vari-

ation of the mass. Only for the special laws stated at the bottom

of page 112, together with certain combinations of them, is the

equation of the trajectories of the quadratic type.

138. It is possible to obtain additional general properties of the

^-system, describing how the locus conic, corresponding to a cur-

vature element, changes when the element changes. For the co-

efficients A y B, C determining the position of the conic have the

following forms : A does not involve x> B is linear and integral in

x, C is quadratic and integral in x. Hence these results:

If the curvature element is varied, at the given point 0, in such

a way that the second derivative x is constant, so that only x

varies, the center C1 '
of the corresponding locus conic describes

a new conic.

At the same time a certain two-to-one correspondence arises

between the initial direction of the element and the direction of

the line joining to the center C".
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139. A clearer picture is perhaps obtained by changing the

notation to correspond with the usual x, y, z notation for rec-

tangular coordinates in space. It is then desirable to lay off

the time on the o>axis, since this is the independent variable.

The actual motion then takes place in the yz-plane, and the

differential equations of motion are

<Py d?z= v(x, y, z),
- t(x, y, z).

The curves in space x, y, z are then the space-time curves. Their

projections on the yz-plane are the trajectories (whose explicit

properties have not been derived). Their projections on the xy-

plane (or on the zz-plane, or on any plane parallel to the z-axis)

are curves whose properties have just been stated ( 137, 138).

The differential equation in the zy-plane is

where the coefficients involve only x, y, and y
1

.

140. We have not attempted a complete direct characterization

of the systems of curves arising in any one of the coordinate

planes. Such a characterization has however been given ( 136)

for the system of oo 4
space-time curves. Indirectly this really

solves all the problems. A system of curves in the plane can be

regarded as trajectories of a force depending on time and position

if and only if the curves can be obtained by orthogonal projection

from some system of <
4 curves in space having the properties (1)

and (2) of 136. If, furthermore, the space system is invariant

under translation perpendicular to the given plane, the plane

system, then consisting of only <x>
8
curves, belongs to a posi-

tional field.

141. For any force depending on time and position

* = <P(X, y, *), y = ^(*, y, 0,

the number of space-time curves is always oo 4
. When we project
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these on the ;n/-plane, to obtain the trajectories, the number is

usually oo 4
. The number reduces to oo 3

if the force is positional

but does not vanish; in the latter case the trajectories are merely

the oo 2
straight lines.

In the otf-plane the usual number of curves is oo 4
. The only

exception arises when the function <p is free from the variable

y. In this case the ^-curves all satisfy the-equation of second

order x = <p(x, t) and therefore their number is only oo 2
. Similar

statements hold of course for the t/^-plane.

Consider, as a single example, gravity, taken as uniform and

acting in the vertical zy-plane. The equations of motion are

x = 0, y = g.

The xyJ-curves are

x = at + 6, y = %gt* + ct + d,

a certain family of oo 4
parabolas in space. The ^-curves are

oo 2
straight lines. The ^/-curves are oo 2

parabolas. The xy-

curves (that is, the trajectories) are oo 3
parabolas

y = ax2 + /to
2 + 7-

It is to be observed that if the gravity constant g is changed,

the new problem, while giving the same trajectories, gives a dis-

tinct family of zz/f-curves. If g takes all possible values, the

totality of space-time curves obtained is formed of oo 6
parabolas

(namely, those whose axes are parallel to the <-axis). These

curves, in accordance with the general statement made in the

footnote on page 114, are the trajectories of a positional field

in space, the generating force being constant and acting in the

^-direction.

All the results can be extended so as to apply to the four-

dimensional space-tirtie curves depicting motion in ordinary

space.














